JOINING AND GLUING SUTURED FLOER HOMOLOGY 



RUMEN ZAREV 

Abstract. We give a partial characterization of bordered Floer ho- 
mology in terms of sutured Floer homology. The bordered algebra and 
modules are direct sums of certain sutured Floer complexes. The algebra 
multiplication and algebra action correspond to a new gluing map on 
SFH. It is defined algebraically, and is a special case of a more general 
"join" map. 

In a follow-up paper we show that this gluing map can be identified 
with the contact cobordism map of Honda-Kazez-Matic. The join map 
is conjecturally equivalent to the cobordism maps on SFH defined by 
Juhasz. 



1. Introduction 

Heegaard Floer homology is a family of invariants for 3 and 4-manifold 
invariants denned by counting pseudo-holomorphic curves, originally intro- 
duced by Ozsvath and Szabo. The most simple form associates to an ori- 
ented 3-manifold Y a graded homology group HF(Y) [OS04b, OS04a]. 

While Heegaard Floer theory for closed 3-manifolds has been very suc- 
cessful, a lot of the applications involve manifolds with boundary. In [Juh06] 
Juhasz introduced sutured Floer homology, or SFH, which generalizes HF 
to sutured manifolds. Introduced by Gabai in [Gab83], they are 3-manifolds 
with boundary, and some extra structure. In the context of Heegaard Floer 
homology, the extra structure can be considered to be a multicurve T, called 
a dividing set, on the boundary of the 3-manifold Y. Sutured Floer homol- 
ogy associates to such a pair (Y,T) a homology group SFH(Y,T). 

Among other applications, sutured Floer homology has been used to solve 
problems in contact topology, via a contact invariant for contact manifolds 
with boundary, and a map associated to contact cobordisms, defined by 
Honda, Kazez, and Matic in [HKM07, HKM08]. This map has been used by 
Juhasz in [Juh09] to define a map on SFH associated to a cobordism (with 
corners) between two sutured manifolds. 

A shortcoming of sutured Floer homology is that there is little relationship 
between the groups SFH(Y,Ti) and SFH(Y,T2), where T\ and T2 are two 
dividing sets on the same manifold Y. For example one can find many exam- 
ples where one of the groups vanishes, while the other does not. Moreover, 
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the groups SFH(Yi,Ti) and SFH(Y2,T2) are not sufficient to reconstruct 
HF(Y), where Y = Y\ U Y% is a closed manifold. 

To overcome these shortcomings, Lipshitz, Ozsvath, and Thurston in- 
troduced in [LOT08] a new Heegaard Floer invariant for 3-manifolds with 
boundary called bordered Floer homology. To a parametrized closed con- 
nected surface F they associate a DG-algebra A{F). To a 3-manifold Y 
with boundary dY = F they associate an ^loo-module CFAiY) over A(F) 
(defined up to .Aoo-homotopy equivalence). This invariant overcomes both 
of the above shortcomings of SFH. On the one hand, given two parametriza- 
tions of the surface F, the modules CFAiY) associated to these parametriza- 
tions can be computed from each other. On the other hand, if Y\ and I2 are 
two manifolds with boundary diffeomorphic to F, the group HF(Y\ Uj? Y2) 
can be computed from CFA{Y\) and CFA(Y2). 

The natural question arises: How are these two theories for 3-manifolds 
with boundary related to each other? Can SFH(Y, T) be computed from 
CFAiY), and if yes, how? Can CFAiY) be computed from the sutured 
homology of Y, and if yes, how? 

In [Zar09] we introduced bordered sutured Floer homology, to serve as a 
bridge between the two worlds. We used it to answer the first part of the 
above question — to each dividing set r on F we can associate a module 
CFD(T) over A(F), such that SFH(Y,T) is simply the homology of the 
derived tensor product CFA(Y) §> CFD(T). 

In the current paper we answer the second half of this question. We show 
that for a given parametrization of F, the homologies of the bordered algebra 
A(F) and the module CFAiY) associated to a 3-manifold Y are direct 
sums of finitely many sutured Floer homology groups. Moreover we identify 
multiplication in H*(A(F)) and the action of H*(A(F)) on H*0FA(Y)) 
with a certain gluing map on sutured Floer homology. 

1.1. Results. The first result of this paper is to define the gluing map ^ dis- 
cussed above. Suppose (Yi,Fx) and (^2^2) are two sutured manifolds. We 
say that we can glue them if there are subsets F\ and F2 of their boundaries, 
where F\ can be identified with the mirror of F2, such that the multicurve 
TiDFi is identified with T2 H F2, preserving the orientations on Tj. This 
means that the regions R + and R- on the two boundaries are interchanged. 
We will only talk of gluing in the case when Fi have no closed components, 
and all components of dF{ intersect the dividing sets Tj. 

Definition 1.1. Suppose (Yi,Ti), (Y^I^), F\ and F2 are as above. The 
gluing of (Yi,Ti) and (Y^I^) along Fi is the sutured manifold (Yi Up i 
^2^14.2). The dividing set T± + 2 is obtained from (Ti \ F\) (T2 \ F2) 
as follows. Along each component f of dFi the orientations of T\ and T2 
disagree. We apply the minimal possible positive fractional Dehn twist along 
f that gives a consistent orientation. 
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Figure 1. Gluing two solid balls along F = D 2 U D 2 , to obtain a solid torus. 
The -R+ regions have been shaded. 

An illustration of gluing is given in Figure 1. We define a gluing map $ 
on SFH corresponding to this topological construction. 

Theorem 1. Let (Yi,ri) and (Y2,T 2 ) be two balanced sutured manifolds, 
that can be glued along F. Then there is a well defined map 

* F : SFH(Yi,Ti) ® SFH(Y 2 , T 2 ) -> SFH{(Y U F x ) U F (Y 2 , T 2 )), 

satisfying the following properties: 

(1) Symmetry: The map *& F for gluing Y\ to Y% is equal to that for gluing 
Y 2 to Yl 

(2) Associativity: Suppose that we can glue Y\ to Y 2 along F\, and Y 2 
to I3 along F 2 , such that F\ and F 2 are disjoint in dY 2 . Then the 
order of gluing is irrelevant: 

m F2 o m Fl = y Fl o m F2 = v FlUF2 . 

(3) Identity: Given a dividing set T on F , there is a dividing set V 
on F x [0,1], and an element Ar € SFH(F x [0,1], T'), satisfying 
the following. For any sutured manifold (Y, T") with F C dY and 
r" n F = T, there is a diffeomorphism (Y, T") U F (F x [0, 1],T') ^ 
(Y,r"). Moreover, the map ^ F (-,A r ) is the identity of SFHiY, T"). 

One application of this result is the following characterization of bordered 
Floer homology in terms of SFH and the gluing map. Fix a parametrized 
closed surface F, with bordered algebra A = A(F). Let F' be F with a 
disc removed, and let p,q € OF' be two points. We can find 2 2 s( F ) distin- 
guished dividing sets on F, which we denote Tj for I C {1,... , 2g}, and 
corresponding dividing sets T'j = Ti n F' on F' . Let T/^j be a dividing set 
on F' x [0, 1] which is T' T along F' x {0}, T'j along F' x {1}, and half of a 
negative Dehn twist of {p, q} x [0, 1] along dF' x [0, 1]. 
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Theorem 2. Suppose the surfaces F and F' , the algebra A, and the dividing 
sets Tj, T' I; and Tj^j are as described above. Then there is an isomorphism 

H*(A) * SFH(F' x [0, 1],IW), 

7,JC{1,...,2 S } 

and the multiplication map fj, 2 on H*(A) can be identified with the gluing map 
Vp*. It maps SFH(F' x [0, l],r/^j) ® SFH(F' x [0, l],Tj^ K ) to SFH(F' x 
[0, 1],Tj_>k), o,nd sends all other summands to 0. 

The module CFA can be similarly described. 

Theorem 3. Suppose Y is a 3-manifold with boundary dY = F. There is 
an isomorphism 

H*(CFA(Y)a) — SFH(Y, r /) , 

7C{l,...,2g} 

and the action rn-2 of H*(A) on H*(CFA(Y)) can be identified with the gluing 
map V F i. It maps SFH(Y, Tj) ® SFH(F' x [0, 1],T M ) to SFH(Y,Tj), and 
sends all other summands to 0. 

The gluing construction and the gluing map readily generalize to a more 
general join construction, and join map, which are 3-dimensional analogs. 
Suppose that (Y\, Ti) and (Y2, T2) are two sutured manifolds, and F\ and F2 
are subsets of their boundaries, satisfying the conditions for gluing. Suppose 
further that the diffeomorphism F\ — > F2 extends to W\ — > W2, where W{ is 
a compact codimension-0 submanifold of Yj, and dWi D dYi = F{. Instead 
of gluing Y\ and Y2 along F{, we can join them along W{. 

Definition 1.2. The join of (Yi,ri) and (^2^2) along W{ is the sutured 
manifold 

((Y 1 \W 1 )U dWi \ Fi (Y 2 \W 2 ),T 1+2 ), 

where the dividing set T± + 2 is constructed exactly as in Definition 1.1. We 
denote the join by (Yi,T\) (^2^2)- 

An example of a join is shown in Figure 2. Notice that if W% is a collar 
neighborhood of Fi, then the notions of join and gluing coincide. That is, 
the join operation is indeed a generalization of gluing. In fact, throughout 
the paper we work almost exclusively with joins, while only regarding gluing 
as a special case. 

Theorem 4. There is a well-defined join map 

SFH(Yi,Ti) <g> SFH(Y 2 ,T 2 ) -> SFH((Yi,Ti) iyj^ (Y 2 ,T 2 )), 

satisfying properties of symmetry, associativity, and identity, analogous to 
those listed in Theorem 1. 



JOINING AND GLUING SFH 



5 



Wi w 2 




yi iyjwj 3^2 

Figure 2. Join of two solid tori along D 2 x [0,1], to obtain another solid 
torus. The R + regions have been shaded. 

The join map is constructed as follows. We cut out W\ and W 2 from 
Y\ and Y 2 , respectively, and regard the complements as bordered sutured 
manifolds. The join operation corresponds to replacing W\ and W 2 by an 
interpolating piece TWf,+- We define a map between the bordered su- 
tured invariants, from the product BSAiWi) ® BSA(W 2 ) to the bimodule 
BSAA(TWf,+)- We show that for an appropriate choice of parametriza- 

tions, the modules BSA(Wi) and BSA(W 2 ) are duals, while BSAA{TW F ,+) 
is the dual of the bordered algebra for F. The map is then an .Aoo-version of 
the natural pairing between a module and its dual. The proof of invariance 
and the properties from Theorems 1 and 4 is purely algebraic. Most of the 
arguments involve ^loo-versions of standard facts in commutative algebra. 

The proofs of Theorems 2 and 3 involve several steps. First, we find a 
manifold whose bordered sutured invariant is the bordered algebra, as a 
bimodule over itself. Second, we find manifolds whose bordered sutured 
invariants are all possible simple modules over the algebra. Finally, we 
compute the gluing map \& explicitly in several cases. 

1.2. Further implications and speculations. In a follow-up paper [Zar] 
we prove that the gluing map map * f can be identified with the contact 
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cobordism map from [HKM08]. This is somewhat surprising as that the 
definition of that map uses contact structures and open books, while our 
definition uses bordered sutured Floer homology and is purely algebraic. 
The equivalence of the two maps also gives a purely contact-geometric in- 
terpretation of the bordered algebra. 

There is no analog of the join map in the setting of Honda, Kazez, and 
Matic. However, there is a natural pair-of-pants cobordism 

z w : (y u ri) u (y 2 , r 2 ) -> (y 1 , ro w w (r 2 , r 2 ), 

and we conjecture that the join map is equivalent to the cobordism 
map Fz w that Juhasz associates to such a cobordism, by counting pseudo- 
holomorphic triangles. 

Though Theorems 2 and 3 give a pretty good description of bordered 
Floer homology in terms of sutured Floer homology, it is not complete. 
For instance, to be able to recover the pairing theorem for bordered Floer 
homology, we need to work either with the full bordered DG-algebra A(F), 
or with its homology H*(A(F)), considered as an ^A^-algebra. That is, 
H*(A(F)) inherits higher multiplication maps /Xj, for i > 2 from the DG- 

structure on A(F). Theorem 2 only recovers fj,2- Similarly, H*(CFA(Y)) has 
higher actions m,, for i > 2 by H*(A(F)), while Theorem 3 only recovers 
m 2 . 

We believe that these higher structures can be recovered by a similar 
construction. There are maps, ^j, for i > 2, defined algebraically, similar 
to \f, of the following form: 

% : SFC(Yi) ® • • • ® SFC{Yi) -> SFC(Y t UJI . . . W Y t ). 

Here SFC denotes the chain complex defining the homology group SFH. 
The first term ^ induces the usual join ^ on homology. 

Conjecture 5. The following two statements hold: 

(1) The collection of maps ^j, for i > 2 can be used to recover the 
higher multiplications \i% on H*{A{F)), and the higher actions mi of 
H*(A(F))_on H*{CFA{Y)). 

(2) The map can be computed by counting pseudo-holomorphic 
gons in a sutured Heegaard multidiagram. 

Analogs of sutured Floer homology have been defined in settings other 
than Heegaard Floer homology — for instanton and monopole Floer homol- 
ogy in [KM10], and for embedded contact homology in [CGHH10]. We 
believe that analogs of the join and gluing maps can be used to extend 
bordered Floer homology to those settings. 

Organization. We start by introducing in more detail the topological con- 
structions of the gluing join operations in Section 2. In Section 3 we recall 
briefly the definitions of the bordered sutured invariants BSA and BSD. We 
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also discuss how the original definitions involving only a-arcs can be ex- 
tended to diagrams using both /3-arcs, and to some mixed diagrams using 
both. Section 3.4 contains computations of several BSA invariants needed 
later. 

We define the join map in Section 4, on the level of chain complexes. The 
same section contains the proof that it descends to a unique map on homol- 
ogy. In the following Section 5 we prove the properties from Theorems 1 
and 4. Finally, Section 6 contains the statement and the proof of a slightly 
more general version of Theorems 2 and 3. 

Throughout the paper, we make use of a diagrammatic calculus to com- 
pute ^Aoo-morphisms, which greatly simplifies the arguments. Appendix A 
contains a brief description of this calculus, and the necessary algebraic as- 
sumptions. Appendix B gives an overview of ^oo-bimodules in terms of the 
diagrammatic calculus, as they are used in the paper. 

Acknowledgments. The author is grateful to his advisor Peter Ozsvath, 
and to Robert Lipshitz, Dylan Thurston, and Shea Vela-Vick for many pro- 
ductive discussions about this work. Shea Vela-Vick, Robert Lipshitz, and 
Peter Ozsvath also gave much appreciated feedback on earlier versions of 
this paper. A significant portion of the work described here was carried out 
at the Mathematical Sciences Research Institute, which kindly hosted the 
author as a program associate in the program "Homology theories of knots 
and links", during the Spring of 2010. 

2. Topological preliminaries 

We recall the definition of a sutured manifold and some auxiliary notions, 
and define what we mean by gluing and surgery. 

Remark. Throughout the paper all manifolds are oriented. We use — M to 
denote the manifold M with its orientation reversed. 

2.1. Sutured manifolds and surfaces. 

Definition 2.1. As defined in [Juh06] ; a balanced sutured manifold is a 
pair y = (Y, T) consisting of the following: 

• An oriented 3-manifold Y with boundary. 

• A collection T of disjoint oriented simple closed curves in dY, called 
sutures. 

They are required to satisfy the following conditions: 

• Y can be disconnected but cannot have any closed components. 

• dY is divided by T into two complementary regions i?+(T) and i?_(r) 
such that dR±(Y) = ±T. (R+ and R- may be disconnected.) 

• Each component of dY contains a suture. Equivalently, R + and R- 
have no closed components. 

. x (R+) = x(R-)- 

In [Zar09] we introduced the notion of a sutured surface. 
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Definition 2.2. A sutured surface is a pair T = (F, A) consisting of the 
following: 

• A compact oriented surface F . 

• A finite collection A C dF of points with sign, called sutures. 
They are required to satisfy the following conditions: 

• F can be disconnected but cannot have any closed components. 

• dF is divided by A into two complementary regions S+{T) and S-(T) 
such that dS±(Y) = =LA. (S+ and S- may be disconnected.) 

• Each component of dF contains a suture. Equivalently, S+ and S- 
have no closed components. 

A sutured surface is precisely the 2-dimensional equivalent of a balanced 
sutured manifold. The requirement x(S+) = x(S—) follows automatically 
from the other conditions. 

From T = (F, A) we can construct two other sutured surfaces: —T = 
(-F, — A), and T = {—F, A). In both of —T and J 7 , the orientation of the 
underlying surface F is reversed. The difference between the two is that in 
—J- the roles of S+ and S— are preserved, while in T they are reversed. 

Definition 2.3. Suppose T = (F, A) is a sutured surface. A dividing set T 

for T is a finite collection T of disjoint embedded oriented arcs and simple 
closed curves in F , with the following properties: 

• dT = —A, as an oriented boundary. 

• r divides F into (possibly disconnected) regions R+ and R- with 
dR± = (±r) U5±. 

We can extend the definition of a dividing set to pairs (F, A) which do not 
quite satisfy the conditions for a sutured surface. We can allow some or all 
of the components F to be closed. We call such a pair degenerate. In that 
case we impose the extra condition that each closed component contains a 
component of T. 

Note that the sutures T of a sutured manifold (Y, V) can be regarded as 
a dividing set for the (degenerate) sutured surface (dY,0). 

Definition 2.4. A partially sutured manifold is a triple y = (Y, T, J-) 
consisting of the following: 

• A 3-manifold Y with boundary and 1-dimensional corners. 

• A sutured surface T = (F, A), such that F C BY, and such that the 
1 -dimensional corner ofY is dF. 

• A dividing set T for (dY \ F, — A) (which might be degenerate). 

Note that a partially sutured manifold y = (Y, T, T\ UJ^) can be thought 
of as a cobordism between — T\ and Ti- On the other hand, the par- 
tially sutured manifold y = (Y,T,0) is just a sutured manifold, although 
it may not be balanced. We can concatenate y = (Y,T, T\ U J-jj) and 
y' = (Y',r',-F 2 UT 3 ) along T 2 = (F 2 ,A 2 ) and -T 2 = (-F 2 ,-A 2 ) to 
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(a) The sutured surface T . (b) A dividing set V of T . (c) The cap for T. 



Figure 3. A sutured annulus F, with a cap associated to a dividing set. 
obtain 

y u T2 y = (y u F2 y', r u A2 r', t x u r 3 ). 

We use the term concatenate to distinguish from the operation of gluing of 
two sutured manifolds described in Definition 2.10. 

A partially sutured manifold whose sutured surface is parametrized by an 
arc diagram is a bordered sutured manifold, as defined in [Zar09]. We will 
return to this point in section 3, where we give the precise definitions. 

An important special case is when Y is a thickening of F. 

Definition 2.5. Suppose T is a dividing set for the sutured surface F = 
(F, A) . Let W = F x [0,1], and W = F x [0,1]/ ~, where (p,t) ~ {p,t') 
whenever p € OF, and t,t' £ [0,1]. We will refer to the partially sutured 
manifolds 

W r = Wrx{l}uAx [0,1], (-F x {0},-A x {0})), 
W T = (W, r x {1}, (-F x {0}, -A x {0})) 
as the caps for F associated to T. 

Since Wp is just a smoothing of Wr along the corner dF x {1}, we will 
not distinguish between them. An illustration of a dividing set and a cap 
is shown in Figure 3. In this and in all other figures we use the convention 
that the dividing set is colored in green, to avoid confusion with Heegaard 
diagrams later. We also shade the i?+ regions. 

Notice that the sutured surface for Wr is —T. This means that if y = 
(Y, r', F) is a partially sutured manifold, we can concatenate y and W to 
obtain (Y,T' U T). That is, the effect is that of "filling in" F C dY by F. 

Definition 2.6. Suppose T = (F, A) is a sutured surface. An embedding 
W y of the partially sutured W = (W, Tw> F) into the sutured y = 
(Y,Ty) is an embedding W Y with the following properties: 

• F C dW is properly embedded in Y as a separating surface. 
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Figure 4. Examples of a partially sutured manifold VV embedding into the 
sutured manifold y, and the complement y\W, which is also partially sutured. 

• dW \ F = dY n w. 

• r w = r Y n aw. 

The complement Y \ W also inherits a partially sutured structure. We 
define 

y\w = (Y\w,r Y \r w ,-T). 

The definition of embeddings easily extends to W ^ y where both W = 
(W, T\v, F) and y = (Y, Ty , F') are partially sutured. In this case we require 
that W is disjoint from a collar neighborhood of F' . Then there is still a 
complement 

y \ w = (Y \ W, T Y \ T w , r U - F) . 

In both cases 3^ is diffeomorphic to the concatenation W Ujr (y \ W). 
Examples of a partial sutured manifold and of an embedding are given in 
Figure 4. 

2.2. Mirrors and doubles; joining and gluing. We want to define a 
gluing operation which takes two sutured manifolds (Yi,Ti) and (Y2,T2), 
and surfaces F C dY\ and — F C dY2, and produces a new sutured manifold 
(Yi L>f Y2, T3). To do that we have to decide how to match up the dividing 
sets on and around F and — F. One solution is to require that we glue 
F n i?+( r i) to —F n R+(T 2 ), and F n R-(T{) to —F n R-(T 2 ). Then 
(ri \ F) U \ — i 7 ) is a valid dividing set, and candidate for T^. The 
problem with this approach is that even if we glue two balanced sutured 
manifolds, the result is not guaranteed to be balanced. 

Another approach, suggested by contact topology is the following. We 
glue F n i?+ to —F n R- . and vice versa. To compensate for the fact that 
the dividing sets T\\F and T2 \ —F do not match up anymore, we introduce 
a slight twist along dF. In contact topology this twist appears when we 
smooth the corner between two convex surfaces meeting at an angle. 
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w = (w,t,f) -w = {-w,t,f) 

Figure 5. A partially sutured manifold W and its mirror — W. 

It turns out that the same approach is the correct one, from the bordered 
sutured point of view. To be able to define a gluing map on SFH with nice 
formal properties, the underlying topological operation should employ the 
same kind of twist. However, its direction is opposite from the one in the 
contact world. This is not unexpected, as orientation reversal is the norm 
when defining any contact invariant in Heegaard Floer homology. 

As we briefly explained in Section 1, we will also define a surgery pro- 
cedure which we call joining, and which generalizes this gluing operation. 
We will associate a map on sutured Floer homology to such a surgery in 
Section 4.2. 

First we define some preliminary notions. 

Definition 2.7. The mirror of a partially sutured manifold W = (W, T, F), 
where F = (F,A) is — W = (—W,T,F). Alternatively, it is a partially 
sutured manifold (W ,V ,F'), with an orientation reversing diffeomorphism 
ip: W — > W, such that: 

• F is sent to —F' (orientation is reversed). 

• r is sent to V (orientation is preserved). 

• -R+(r) is sent to R-(T'), and vice versa. 

• S+ (A) is sent to 5_(A'), and vice versa. 

Whenever we talk about a pair of mirrors, we will implicitly assume that 
a specific diffeomorphism between them has been chosen. An example is 
shown in Figure 5. 

There are two partially sutured manifolds, which will play an important 
role. 

Definition 2.8. A positive (respectively negative,) twisting slice along the 
sutured surface F = (F, A) is the partially sutured manifold FWp t ± = 
(F x [0, 1], T, —F U —F) where we identify —F with F x {0}, and —F with 
F x {1}. The dividing set T is obtained from A x [0,1] by applying -- 
th of a positive (respectively negative) Dehn twist along each component of 
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( a ) mv H 



(b) TWr,. 



Figure 6. Positive and negative twisting slices. The dividing sets are Ax [0, 1], 
after a fractional Derm twist has been applied. The i?+ regions have been 
shaded. 



dF x {^}, containing n points of A. (The twists might be different for 
different components.) 

Examples of twisting slices are shown in Figure 6. 

Definition 2.9. Let y± and y<i be sutured manifolds, and W = (W,r, —F) 
be partially sutured. Suppose there are embeddings W y± and — W 3^2 ■ 
We will call the new sutured manifold 

y 1 y w y 2 = (y 1 \ w) TWr,+ u„ T (y 2 \ -W) 

the join of J>i and y 2 along W. 

Intuitively, this means that we cut out W and — W and concatenate the 
complements together. There is a mismatch of -R+ with iZ_ along the bound- 
ary, so we introduce a positive twist to fix it. An example of gluing was 
shown in Figure 2. 

Another important operation is gluing. 

Definition 2.10. Suppose that y± = (Yi,T\, F) and y 2 = (¥2,^2, F) are 
two partially sutured manifolds, and Tq is a dividing set for F = (F, A) . We 
define the gluing of the sutured manifolds (Yi,Ti Ua To) and (Y2,T2 U\ Tq) 
along (F, Tq) to be the concatenation 



and denote it by 



(y 1 ,r 1 ur )u (Firo) (y 2 ,r 2 ur 



An example of gluing was shown in Figure 1. It is easy to see that gluing 
is a special case of the join. Recall that the concatenation (Y, T' , F) Wr 
is the sutured manifold (Y, r'uT). Thus we can identify gluing along (F, Tq) 
with join along Wr - 

Another useful object is the double of a partially sutured manifold. 
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Definition 2.11. Given a partially sutured manifold W = (W, T, J 7 ), where 
T = (F, A), define the double of W to fre t/ie be sutured manifold obtained 
by concatenation as follows: 

D(W) = -W U^ T TW_jr_ U T W. 

All the operations we have defined so far keep us in the realm of balanced 
sutured manifolds. 

Proposition 2.12. If we join or glue two balanced sutured manifolds to- 
gether, the result is balanced. The double of any partially sutured manifold 
W is balanced. 

Proof. There are three key observations. The first one is that x(R+) ~ x(R-) 
is additive under concatenation. The second is that when passing from W 
to its mirror — W, the values of x(R+) an d x{R-) are interchanged. Finally, 
for positive and negative twisting slices x{R+) — x(R-)- ^ 

The operations of joining and gluing sutured manifolds have good formal 
properties described in the following proposition. 

Proposition 2.13. The join satisfies the following: 

(1) Commutativity: 3 7 i^w3 7 2 is canonically diffeomorphic to 3 ; 2^-w3 ; i • 

(2) Associativity: If there are embeddings W 3^i, (— W U W) >■ 3^2; 
and — W' W3 then there are canonical diffeomorphisms 

0>i w w ^2) lUJw ^3 = ^1 (3^ ifflw 3> 3 ) 

= (3>i u 3> 3 ) lyJwu-w 3^2- 

(3) Identity: y IUJ W 2?(W) = 3 ; - 
Gluing satisfies analogous properties. 

Proof. These facts follow immediately from the definitions. □ 

3. Bordered sutured Floer homology 

We recall the definitions of bordered sutured manifolds and their invari- 
ants, as introduced in [Zar09]. 

3.1. Arc diagrams and bordered sutured manifolds. Parametriza- 
tions by arc diagrams, as described below are a slight generalization of those 
originally defined in [Zar09]. The latter corresponded to parametrizations 
using only a-arcs. While this is sufficient to define invariants for all possible 
situations, it is somewhat restrictive computationally. Indeed, to define the 
join map \l/ we need to exploit some symmetries that are not apparent unless 
we also allow parametrizations using /3-arcs. 

Definition 3.1. An arc diagram of rank k is a triple Z = (Z,a, M) con- 
sisting of the following: 

• A finite collection Z of oriented arcs. 
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• A collection of points a = {a\, . . . ,a2k} C Z. 

• A 2-to-l matching M: a — > {1, . . . , k} of the points into pairs. 

• A type: "a" or "f3". 

We require that the 1-manifold obtained by performing surgery on all the 
O-spheres M~ l {i) in Z has no closed components. 

We represent arc diagrams graphically by a graph G{Z), which consists of 
the arcs Z, oriented upwards, and an arc ej attached at the pair M~ l {i) € Z, 
for i = 1, . . . , k. Depending on whether the diagram is of a or j3 type, we 
draw the arcs to the right or to the left, respectively. 

Definition 3.2. The sutured surface F(Z) = (F(Z),A(Z)) associated to 
the a-arc diagram Z is constructed in the following way. The underlying 
surface F is produced from the product Z x [0, 1] by attaching 1 -handles along 
the O-spheres M~ l (i) x {0}, for i = l,...,k. The sutures are A = <9Z x 
{1/2}, with the positive region S+ being "above", i.e. containing Z x {1}. 

The sutured surface associated to a (5 -arc diagram is constructed in the 
same fashion, except that the 1-handles are attached "on top", i.e. at 
M^ 1 ^) x {1}. The positive region S + is still above. 

Suppose F is a surface with boundary, G(Z) is properly embedded in 
F, and A = dG(Z) C dF are the vertices of valence 1. If F deformation 
retracts onto G(Z), we can identify (F,A) with J-{Z). In fact, the embed- 
ding uniquely determines such an identification, up to isotopies fixing the 
boundary. We say that Z parametrizes (F,A). 

As mentioned earlier, all arc diagrams considered in [Zar09] are of a— type. 

Let Z = (Z, a, M) be an arc diagram. We will denote by —Z the diagram 
obtained by reversing the orientation of Z (and preserving the type). We 
will denote by Z the diagram obtained by switching the type — from a to 
/3, or vice versa — and preserving the triple (Z, a, M). There are now four 
related diagrams: Z, —Z, Z, and —Z. The notation is intentionally similar 
to the one for the variations on a sutured surface. Indeed, they are related 
as follows: 

F(-Z) = -F(Z), F(Z)=T(Zj. 

To illustrate that, Figure 7 has four variations of an arc diagram of rank 
3. Figure 8 shows the corresponding parametrizations of sutured surfaces, 
which are all tori with one boundary component and four sutures. Notice 
the embedding of the graph in each case. 

Definition 3.3. A bordered sutured manifold 3^ = (Y, T, Z) is a partially 
sutured manifold (Y, T, J 7 ), whose sutured surface J- has been parametrized 
by the arc diagram Z. 

As with partially sutured manifolds, y = (Y, T, Z\ U Z2) can be thought 
of as a cobordism from F{—Z\) to TiZ^). 
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(a) Z of a-type (b) — Z of a-type (c) Z of /3-type (d) -Z of /3-type 
FIGURE 7. Four variants of an arc diagram 




(a)^(Z) (b)-F(-Z) (c)-F(Z) (d) -F(-Z) 

Figure 8. Parametrizations of surfaces by the arc diagrams in Figure 7 

3.2. The bordered algebra. We will briefly recall the definition of the 
algebra A(Z) associated to an a-type arc diagram Z. Fix a diagram Z = 
(Z, a, M) of rank k. First, we define a larger strands algebra A'(Z, a), which 
is independent of the matching M. Then we define A{Z) as a subalgebra of 
A'(Z,a). 

Definition 3.4. The strands algebra associated to (Z, a) is a 7,/2-algebra 
A'(Z,&), which is generated (as a vector space) by diagrams in [0, 1] x Z of 
the following type. Each diagram consists of several embedded oriented arcs 
or strands, starting in {0} x a and ending in {1} x a. All tangent vectors 
on the strands should project non-negatively on Z, i.e. they are "upward- 
veering". Only transverse intersections are allowed. 

The diagrams are subjects to two relations — any two diagrams related by 
a Reidemeister III move represent the same element in A'(Z,sl), and any 
diagram in which two strands intersect more than once represents zero. 

Multiplication is given by concatenation of diagrams in the [0, Indirection, 
provided the endpoints of the strands agree. Otherwise the product is zero. 
The differential of a diagram is the sum of all diagrams obtained from it by 
taking the oriented resolution of a crossing. 
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(a) a\ (b) a 2 (c) a 3 (d) a 4 



Figure 9. Four generators of A{Z). 

We refer to a strand connecting (0, a) to (1, a) for some a € a as horizontal. 
Notice that the idempotent elements of A'(Z, a) are precisely those which are 
sums of diagrams with only horizontal strands. To recover the information 
carried by the matching M we single out some of these idempotents. 

Definition 3.5. The ground ring 1(2) associated to 2 is a ground ring, 
in the sense of Definition A.l, of rank 2 k over Z/2, with canonical basis 
( L i)ic{i,...,k}- It i s identified with a subring of the strands algebra *4'(Z,a), 
by setting li = ^2jDj. The sum is over all J C a such that M\j\ J — > I 
is a bijection, and Dj is the diagram with horizontal strands [0, 1] x J. 

For all / C {1, . . . , k}, the generator lj is a sum of l^ 1 diagrams. 

Definition 3.6. The bordered algebra A(2) associated to 2 is the subal- 
gebra of 1(2) ■ A.'(Z, a) -1(2) consisting of all elements a subject to the fol- 
lowing condition. Suppose M(a) = M(b), and D and D' are two diagrams, 
where D' is obtained from D by replacing the horizontal arc [0, 1] x {a} by the 
horizontal arc [0, 1] x {&}. Then a contains D as a summand iff it contains 
D' as a summand. 

We use 1(2) as the ground ring for A(2), in the sense of Definition B.3. 
The condition in Definition 3.6 ensures that the canonical basis elements of 
1(2) are indecomposable in A(2). 

It is straightforward to check that Definition 3.6 is equivalent to the def- 
inition of A(2) in [Zar09]. 

Examples of several algebra elements are given in Figure 9. The dotted 
lines on the side are given to remind us of the matching in the arc diagram 
2. All strands are oriented left to right, so we avoid drawing them with 
arrows. The horizontal lines in Figure 9b are dotted, as a shorthand for the 
sum of two diagrams, with a single horizontal line each. For the elements in 
this example, we have a\ ■ = 03, and da\ = a^. 

The situation for arc diagrams of /3-type is completely analogous, with 
one important difference. 
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(a) A(Z) (b) A{-Z) (c) A(Z) (d) A(-Z) 

Figure 10. Four elements in the algebras Z, —Z, Z, and — Z, which corre- 
spond to each other. 

Definition 3.7. The bordered algebra A{Z) associated to a /3-arc diagram 
Z, is defined in the exact same way as in Definitions 3.6, except that moving 
strands are downward veering, instead of upward. 

The relationship between the different types of algebras is summarized in 
the following proposition. 

Proposition 3.8. Suppose Z is an arc diagram of either a or /3-type. The 
algebras associated to Z, —Z, Z, and —Z are related as follows: 

A(-Z) A(Z) A(Z) op , 

A(-Z) A(Z). 

Here A op denotes the opposite algebra of A. That is, an algebra with 
the same additive structure and differential, but the order of multiplication 
reversed. 

Proof. This is easily seen by reflecting and rotating diagrams. To get from 
A(Z) to A(—Z) we have to rotate all diagrams by 180 degrees. This means 
that multiplication switches order, so we get the opposite algebra. 

To get from A{Z) to A(Z) we have to reflect all diagrams along the 
vertical axis. This again means that multiplication switches order. 

An example of the correspondence is shown in Figure 10. □ 

3.3. The bordered invariants. We will give a brief sketch of the defini- 
tions of the bordered invariants from [Zar09], which apply for the case of 
a-arc diagrams. Then we discuss the necessary modifications when /3-arcs 
are involved. 

For now assume Z = (Z, a, M) is an a-arc diagram. 

Definition 3.9. A bordered sutured Heegaard diagram % = (T,,a, (3, Z) 
consists of the following: 

• A compact surface £ with no closed components. 
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• A collection of circles a c and a collection of arcs a a , which are 
pairwise disjoint and properly embedded in S. We set a = a a U a c . 

• A collection of disjoint circles f3, properly embedded in T,. 

• An embedding G(Z) S, such that Z is sent into <9X, preserving 
orientation, while a a is the image of the arcs ei in G{Z). 

We require that 7r (<9E\Z) -> 7r (S\(o: c Ua a )) and 7r (d£\Z) -> 7T (E\/3) 
6e surjective. 

To such a diagram we can associate a bordered sutured manifold (Y, T, Z) 
as follows. We obtain Y from S x [0, 1] by gluing 2-handles to /3 x {1} 
and a c x {0}. The dividing set is T = (<9£ \ Z) x {1/2}, and F(£) is a 
neighborhood of Z x [0, l]Ua 8 x {0}. 

As proved in [Zar09], for every bordered sutured manifold there is a unique 
Heegaard diagram, up to isotopy and some moves. 

The bordered invariants are certain homotopy-equivalence classes of .4oo~ 
modules (see Appendix B). For a given Heegaard diagram T~L, we can form 
the set of generators Q{T~L) consisting of collections of intersection points of 
an/3. 

The invariant BSA(T-L)m Z \ is a right type-^4 ^loo-module over A(Z), with 
Z/2-basis G{Tl). The ground ring 1{Z) acts as follows. The only idempotent 
in I(Z) which acts nontrivially on x € G(rl) is where /(x) C {1, . . . , k} 
records the a-arcs which contain a point of x. 

The structure map m of BSA{T{) counts certain holomorphic curves in 
Int S x [0, 1] x R, with boundary on (a x {1} x R) U (/3 x {0} x R). Each 
such curve has two types of asymptotics — ends at (an/3) x [0, 1] x ±oo, and 
ends at <9X x {0} x {h} where h S R is finite. The possible ends at <9£ are 
in 1-to-l correspondence with elements of A(Z). 

The expression (m(x, a±,..., a n ),y v ) counts curves as above, which have 
asymptotics x x [0, 1] at — oo, y x [0, 1] at +oo, and ax,a,2, ■ ■ ■ , a n at some 
finite values hi < hi < . . . < h n . 

We write BSA(y) for the homotopy equivalence class of BSA(T-L). (In- 
variance was proven in [Zar09].) 

The invariant ^~ z ^BSD{Jl) is a left type-Z? ^loo-module over A{—Z) = 
A(Z) op , with Z/2-basis Q(Ji). (See Appendix B.2 for type-D modules, and 
the meaning of upper and lower indices). The ground ring I(—Z) acts as 
follows. The only idempotent in I(—Z) which acts nontrivially on x € G(H) 
is i/c( x ) where / c (x) C {1, . . . , k} records the a-arcs which do not contain a 
point of x. 

The structure map 5 of BSD(H) counts a subset of the same holomorphic 
curves as for BSAiT-i). Their interpretation is somewhat different, though. 

Equivalently, A ^° P BSD(n) = 'BSA{H) A{Z )^ A{Z) ' A{Z) ° P \ where I is a cer- 
tain bimodule defined in [LOTlOa]. 

Again, we write BSD(y) for the homotopy equivalence class of BSD(7-L). 
(Invariance was proven in [Zar09].) 
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We can also construct invariants ^z)° p BSA(y) and BSD{y) A ^ purely 

algebraically from the usual BSA and BSD. Indeed, as discussed in Appen- 
dix B.6, any right ^4-module is a left-^4° p module and vice versa. 

If 3^ is bordered by J-{Z\) UJ r (Z 2 ), we can similarly define several bimod- 
ules invariants for y-. 

A{Zl)op BSAA(y) A{Z2) A ^° P BSDA(y) A{Z2) 
A(Zl)op BSAD(y) A ^ A ^° P BSDD(y) A ^ 

For the invariants of /3-diagrams little changes. Suppose Z is a /3-type 
arc diagram. Heegaard diagrams will now involve /3-arcs as the images 
of ej C G(Z), instead of a-arcs. We still count holomorphic curves in 
Int T x [0, 1] x R. However, since there are /3-curves hitting dT instead of a, 
the asymptotic ends at dT x {1} x {h} are replaced by ends at dT x {0} x {h}, 
which again correspond to elements of A(Z). The rest of the definition is 
essentially unchanged. 

The last case is when y is bordered by T(Z{) U F{Z 2 ), where Z\ is a 
diagram of a-type and Z 2 is of /3-type. We can extend the definition of 
BSAA(y) as before. There are now four types of asymptotic ends: 

• The ones at ±oo which correspond to generators x, y € Q{T~i). 

• dT x {1} x {h} (or a-ends) which correspond to A{Z\). 

• dT x {0} x {h} (or fi-ends) which correspond to A{Z 2 ). 

Each holomorphic curve will have some number k > of a-ends, and some 
number I > of /3-ends. Such a curve contributes to the structure map 
mu\\i which takes k elements of A{Z\) and I elements of A(Z 2 ). 
To summarize we have the following theorem. 

Theorem 3.10. Lety be a bordered sutured manifold, bordered by — J-(Zi)\J 
T{Z 2 ), where Z\ and Z 2 can be any combination of a and /3 types. Then 
there are bimodules, well defined up to homotopy equivalence: 

A(Zl) BSAA{y) A{Z2) A ^BSDA{y) A{Z2) 

A{Zl) BSAb(y) A(z ^ A ^BSDb{y) A ^ 

If yi an d 3^2 ar c two such manifolds, bordered by —T{Z\) U J r {Z 2 ) and 
—J r {Z2) U ^(Z^), respectively, then there are homotopy equivalences 

BSAA(y 1 U y 2 ) ^ BSAAQti) ® A (z 2 ) BSDA(y 2 ), 

BSDA(y 1 U y 2 ) - BSDD{y{) M A{Z2) BSAA(y 2 ), 

etc. Any combination of bimodules for 3^i and y 2 can be used, where one is 
type-A for A(Z 2 ), and the other is type-D for A(Z 2 ). 

The latter statement is referred to as the pairing theorem. The proof of 
Proposition 3.10 is a straightforward adaptation of the corresponding proofs 
when dealing with only type-a diagrams. An analogous construction involv- 
ing both a and /3 arcs in the purely bordered setting is given in [LOTlOb]. 
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3.4. Mirrors and twisting slices. In this section we give two compu- 
tations of bordered invariants. One of them relates the invariants for a 
bordered sutured manifold W and its mirror — W. The other gives the 
invariants for a positive and negative twisting slice. 

Recall that if W = (W,T,T(Z)), its mirror is -W = {-W,T,T(Z)) = 
{-W,T,F{Z)). 

Proposition 3.11. Let W and — W be as above. Let Mmz) be a repre- 
sentative for the homotopy equivalence class BSA{Y\}) A ^z,) ■ Then its dual 
_4(^)M V is a representative for ^z)BSA{— W). Similarly, there are homo- 
topy equivalences 

[bsd{w) a{z) Y ~ A ( Z) BSD(-W), 
( A{zr vBSA{W)) J ~ BSA(-W) A{zr , 
(A(zy? BSD(W)Y ~ BSD{-W) A ^° P . 

A similar statement holds for bimodules — if W is bordered by J~(Zi) U 
J r (Z 2 ), then the corresponding bimodule invariants ofW and —W are duals 
of each other. 

Proof. We prove one case. All others follow by analogy. Let % = (X, a, (3, Z) 
be a Heegaard diagram for W. Let %' = (X, j3, a, Z) be the diagram ob- 
tained by switching all a and /3 curves. (Note that if Z was an a-type 
diagram, this turns it into the /3-type diagram Z, and vice versa.) 

The bordered sutured manifold described by H' is precisely — W. Indeed, 
it is obtained from the same manifold S x [0, 1] by attaching all 2-handles on 
the opposite side, and taking the sutured surface T also on the opposite side. 
This is equivalent to reversing the orientation of W, while keeping the orien- 
tations of r C <9£ and Z C <9X the same. (Compare to [HKM07], where the 
EH -invariant for contact structures on (Y, T) is defined in SFH(— Y, +r).) 

The generators Q(7i) and G(?i') of the two diagrams are the same. There 
is also a 1-to-l correspondence between the holomorphic curves u in the 
definition of BSA(T~l)^z) an d the curves v! in the definition of BSAiJ-l')^^. 
This is given by reflecting both the [0, l]-factor and the R-factor in the 
domain Int £ x [0, 1] x BL The ±oo asymptotic ends are reversed. The a-ends 
of u are sent to the /3-ends of u', and vice versa, while their heights h on the 
M-scale are reversed. When turning a-ends to /3-ends, the corresponding 
elements of A{Z) are reflected (as in the correspondence A(Z) = A(Z) op 
from Proposition 3.8). 

This implies the following relation between the structure maps m of 
BSA{H) and m' of BSA(H'): 

(m(x,ai, . . . ,a n ),y v ) = (m'(y', a° p , . . . , a° p ), x' v ) . 



JOINING AND GLUING SFH 



21 



Turning BSA(H') into a left module over (A(Z) op ) op = A(Z), we get the 
relation 

(m(x,ai, . . . ,a n ),y v ) = (m'(ai, . . . , a n ,y'),x v ) . 

This is precisely the statement that BSA{J-L)^z) an d A(Z)BSA(TL') are 
duals, with Q{%) and Q{rl') as dual bases. □ 

A similar statement for purely bordered invariants is proven in [LOTlOb]. 

Proposition 3.12. Let Z be any arc diagram, and let A = A(Z). The 
twisting slices TWj^(z),± are bordered by —J-(Z) U —F{Z). They have bi- 
module invariants 

A BSAA(TW HZ) ,_) A * aA a , A BSAA(TW nz)j+ ) A * aA v a- 

Proof. Since TT / Vj(2) i ± are mirrors of each other, by Proposition 3.11, it is 
enough to prove the first equivalence. The key ingredient is a very convenient 
nice diagram Ti for TWj(2) „. This diagram was discovered by the author, 
and independently by Auroux in [Aur], where it appears in a rather different 
setting. 

Recall from [Zar09] that a nice diagram is a diagram, (S,a, (3, Z) where 
each region of £ \ (a. U (3) is either a boundary region, a rectangle, or a 
bigon. The definition trivially extends to the current more general setting. 
Nice diagrams can still be used to combinatorially compute bordered sutured 
invariants. 

The diagram is obtained as follows. For concreteness assume that Z is 
of a-type. To construct the Heegaard surface £, start with several squares 
[0, 1] x [0, 1], one for each component Z £ Z. There are three identifications 
of Z with sides of the squares: 

• ip sending Z to the "left sides" {0} x [0, 1], oriented from to 1. 

• f' sending Z to the "right sides" {1} x [0, 1], oriented from 1 to 0. 

• ip sending Z to the "top sides" [0, 1] x {1}, oriented from 1 to 0. 
For each matched pair {a, b} = M~ l {i) C a C Z, attach a 1-handle at 

ip({a, b}). Add an ce-arc a" from 99(a) to (p(b), and a /3-arc /3? from tp'(a) to 
</?'(&), both running through the handle corresponding to a,b. To see that 
this gives the correct manifold, notice that there are no a or /3-circles, so 
the manifold is topologically £ x [0,1]. The pattern of attachment of the 
1-handles shows that S = F(Z). It is easy to check that T and the arcs are 
in the correct positions. 

This construction is demonstrated in Figure 11. The figure corresponds 
to the arc diagram Z from Figure 7c. 

Calculations with the same diagram in [Aur] and [LOTlOb] show that 
the bimodule BSAA(H) is indeed the algebra A as a bimodule over itself. 
While the statements in those cases are not about bordered sutured Floer 
homology, the argument is purely combinatorial and caries over completely. 

We give a brief summary of this argument. Intersection points in a n (3 
are of two types: 
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Figure 11. Hecgaard diagram for a negative twisted slice TWjr._. 




Figure 12. Examples of domains counted in the diagram for TWjf,-- In each 
case the domain goes from the black dots to the white dots. Below them we 
show the corresponding operations on the algebra. 



• Xi € of n Pf inside the 1-handle corresponding to M for i G 
{1, . . . , k}. The point X{ corresponds to the two horizontal strands 
[0,1] x A/~ 1 (i) in A(Z). 

• Dab £ a ti(a) ^ ^M(b)i msi( ^ e the square regions of %. The point y a b 
corresponds to a strand (0, a) — > (1, b) (or a — > b for short) in A{Z). 

The allowed combinations of intersection points correspond to the allowed 
diagrams in A(Z), so BSA(H) = A(Z) as a Z/2-vector space. 

Since H is a nice diagram the differential counts embedded rectangles in 
H, with sides on a and (3. The rectangle with corners (y a d,ybc,yac,yad) 
corresponds to resolving the crossing between the strands a — > d and b — > c 
(getting a — > c and b — > d). 

The left action ?n 1 | 1 |o of A counts rectangles hitting the — 2-part of the 
boundary. The rectangle with corners ((p(a),y ac ,yb c , f(b)) corresponds to 
concatenating the strands a —¥ b and b — > c (getting a — > c). The right 
action is similar, with rectangles hitting the — iJ-part of the boundary. 

Some examples of domains in 7i contributing to m |i|0) m i|i|o> an d "^oiili 
are shown in Figure 12. They are for the diagram % from Figure 11. □ 



JOINING AND GLUING SFH 



23 




A v A A 



Figure 13. Definition of the join map V. 



4. The join map 



In this section we will define the join and gluing maps, and prove some 
basic properties. Recall that the gluing operation is defined as a special case 
of the join operation. The gluing map is similarly a special case of the join 
map. Thus for the most part we will only talk about the general case, i.e. 
the join map. 

4.1. The algebraic map. We will first define an abstract algebraic map, 
on the level of ^co-modules. 

Let A be a differential graded algebra, and be a left .Aoo-module over 
it. As discussed in Appendix B.6, the dual M v a is a right ^loo-module over 
A. Thus a(M ® M v )a is an ^oo-bimodule. On the other hand, since A is a 
bimodule over itself, so is its dual aA v a- We define a map M (g> M v — > A v 
which is an ^loo-analog of the natural pairing of a module and its dual. 

Definition 4.1. The algebraic join map Vm : a(M ® M v )a — > aA v a~ 
or just V when unambiguous — is an Aoo-bimodule morphism, defined as 
follows. It is the unique morphism satisfying 



for any i,j > 0, p € M, q y <E M v , and a* € A. 

Eq. (1) is best represented diagrammatically, as in Figure 13. Note that 
Vm is a bounded morphism if and only if M is a bounded module. 

As discussed in Appendix B.4, morphisms of „4oo~ m odules form chain 
complexes, where cycles are homomorphisms. Only homomorphisms de- 
scend to maps on homology. 

Proposition 4.2. For any aM , the join map Vm is o, homomorphism. 

Proof. It is a straightforward but tedious computation to see that <9V m — 
is equivalent to the structure equation for tum- 

A more enlightening way to see this is to notice that by turning the 
diagram in Figure 13 partly sideways, we get a diagram for the homotopy 
equivalence hu '■ A<g> M — >■ M, shown in Figure 14. Taking the differential 
dV m and turning the resulting diagrams sideways, we get precisely dhu- 
We know that hjs/i is a homomorphism and, so <9/im = 0. 

The equivalences are presented in Figure 15. □ 



(1) 
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A A AM AAA M 

M M 
FIGURE 14. The homotopy equivalence h M ■ A ® Af — > M. 




(a) The differential <9Vm which needs to vanish to show that Vm is an Aoo~ 
bimodulc homomorphism. 




(b) The differential dhm of the homotopy equivalence Jim- 
Figure 15. Proof that V is a homomorphism, by rotating diagrams. 



We will prove two naturallity statements about V that together imply 
that V descends to a well denned map on the derived category. The first 
shows that V is natural with respect to isomorphisms in the derived cat- 
egory of the DG-algebra A, i.e. homotopy equivalences of modules. The 
second shows that V is natural with respect to equivalences of derived cat- 
egories. (Recall from [Zar09] that different algebras corresponding to the 
same sutured surface are derived-equivalent.) 

Proposition 4.3. Suppose aM and aN are two Aoo-modules over A, such 
that there are inverse homotopy equivalences <p: M — >■ N and tp: N — > M. 
Then there is an Aoo-homotopy equivalence of A, A-bimodules 

and the following diagram commutes up to Aoo-homotopy: 

M(g)M v 

V/v 

N <g> iV v A v . 
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Proposition 4.4. Suppose A and B are differential graded algebras, and 
bX a and aY b are two type-DA bimodules, which are quasi-inverses. That 
is, there are Aoo-homotopy equivalences 

A (YMX) A ~ A I A , b(XMY) b ~ b 1 b . 

Moreover, suppose H*{B y ) and H*{XMA y MX V ) have the same rank (over 
Z/2). 

Then there is a B , B -bimodule homotopy equivalence 

(p x : XMA V MX V -> B y . 

Moreover, for any AoQ-module jJs/L , such that X M M is well defined, the 
following diagram commutes up to Aoo-homotopy: 

X M M ® M v H X v 

XMA v mx v *- B y . 

Notice the condition that X M M be well defined. This can be satisfied 
for example if M is a bounded module, or if X is reletively bounded in A 
with respect to B. Before proving Propositions 4.3 and 4.4 in Section 4.3, 
we will use them to define the join \P. 

4.2. The geometric map. Suppose that 3^i and 3^2 are two sutured mani- 
folds, and W = (W, r, —J-) is a partially sutured manifold, with embeddings 
W 3^1 and — W 3^2 • Let Z be any arc diagram parametrizing the sur- 
face T. Recall that — W = (— W, T, — J 7 ). Also recall the twisting slice 
TWj-,+, from Definition 2.8. The join 3^i 3^2 of 3^1 and 3^2 along W was 
defined as 

y 1 w w y 2 = (y 1 \ w) u T TW^,+ u_ T (y 2 \ -W). 

Let A = A(Z) be the algebra associated to Z. Let aM, U a , and A V 
be representatives for the bordered sutured modules A BSA(W), BSD(y\ \ 
W) A , and A BSD(y 2 \ -W), respectively such that U BL M and M v M V 
are well-defined. (Recall that the modules are only defined up to homotopy 
equivalence, and that the M product is only defined under some boundedness 
conditions.) We proved in Proposition 3.11 that M v A is a representative 
for BSA{— W)a, and in Proposition 3.12 that aA^ a is a representative for 
BSAA{TWt,+)- 

From the Kiinneth formula for SFH of a disjoint union, and from Theo- 
rem 3.10, we have the following homotopy equivalences of chain complexes. 

SFC(y! U 3^ 2 ) = SFCQ?!) ® SFC(y 2 ) 

~ (BSD(yi \ W) ^a BSA(W)j ® (bSA(-W) m A BSD(y 2 \ -wj) 

~ U A M a(M®M v ) a B a V. 
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SFCO>i W w y 2 ) 

~ BSDQ?! \ W) BSAA(TWr,+) BSD(y 2 \ -W) 

~ U A Kl A A V A B A F. 

Definition 4.5. Le£ 3^1, 3^2 o^rf VV 6e as described above. Define the geo- 
metric join map 

* M : SFCCft) ® 5FC7(^ 2 ) SFC{yx w w y 2 ) 

by the formula 

(2) * M = idf/ El V M B idy : M M ® M v H V -> IS y4 v H V. 

Note that such an induced map is not generally well defined (it might 
involve an infinite sum). In this case, however, we have made some bound- 
edness assumptions. Since U M M and M v IE V are defined, either M must 
be bounded, or both of U and V must be bounded. In the former case, Vjv/ 
is also bounded. Either of these situations guarantees that the sum defining 
^ m is finite. 

Theorem 4.6. The map ^ m from Definition 4-5 is, up to homotopy, in- 
dependent on the choice of parametrization Z, and on the choices of repre- 
sentatives M , U , and V. 

Proof. First, we will give a more precise version of the statement. Let Z' be 
any other parametrization of J 7 , with B = A(-Z'), and let gM', U' B and 
B V, be representatives for the respective bordered sutured modules. Then 
there are homotopy equivalences <p and tp making the following diagram 
commute up to .Aoo-homotopy: 

U H M ® M v M V > U' M M' ® M N M V 

UMA V MV »- U' M B y M V. 

The proof can be broken up into several steps. The first step is indepen- 
dence from the choice of U and V, given a fixed choice for A and M. This 
follows directly from the fact id IE- and • M id are DG-functors. 

The second step is to show independence from the choice of M, for fixed 
A, U, and V. This follows from Proposition 4.3. Indeed, suppose ip: M — > 
M' is a homotopy equivalence with homotopy inverse tp: M' — > M. Then 
ip v : M v — > M' y is also a homotopy equivalence inducing the homotopy 
equivalence 

id v Mip ® V v B idy : UMM®M w MV^Um M' ® M /V M V. 

By Proposition 4.3, V m — Vm' ® ^ v )) which implies 

idu EV A f E idy ~ (id[/ EV M ' E idy) o (id[/ Sy? (g) ?/> V B idy). 

The final step is to show independence from the choice of algebra A. We 
will cut and 3^2 into several pieces, so we can evaluate the two different 
versions of ^ from the same geometric picture. 
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Figure 16. The various pieces produced by slicing W at two surfaces parallel 
to T. 



Let — T' and —T" be two parallel copies of —J- in W, which cut out 
W = (W',V, -J 7 ') and W" = (W",T",-T"), where W C W C W. 
Let 7> = W \ W" and Q = W \ W (see Figure 16). Both P and Q are 
topologically F x [0, 1]. 

Parametrize J- and T" by iJ, and J 7 ' by Z\ where A{Z) = A, and 
A(Z') = B. Let B X A and be representatives for B BSAD(V) A and 

A BSAD(Q) B , respectively. Note that QUj^V is a product bordered sutured 
manifold, and thus has trivial invariant aBSAD(Q U V) a — a^- A - By the 
pairing theorem, this implies Y M X ~ a^ A - Similarly, by stacking V and Q 
in the opposite order we get X M Y ~ bI b . 

There are embeddings W",W" ■— )■ and — W', — W" 3^2 and two 
distinct ways to cut and glue them together, getting 3^2 — 3^1 ^yv" 3^2- 

This is illustrated schematically in Figure 17. 

Let a.M be a representative for aBSA(W"). By the pairing theorem, 
B (X M M) is a representative for B BSA(W'). Notice that TWr,+ = V U 
TWjr^ + U-V and jB -B v B and B (XmA v MX v ) B are both representatives for 
its BSAA invariant. In particular, they have the same homology. Finally, 
let U B and B V be representatives for BSD{y 1 \ W) B and B BSD(y 2 \ -W), 
respectively. 

The two join maps ^ m and ^xsm are described by the following equa- 
tions. 

^ M = idu&Y KIVm Kl id^v^y : 

({7 K X) IS M (8) M v El (X v ^^^([/HJjiys (X v M V), 

^x®M = idc/ KIVxkm K idy : 

£/ M (X M M) ® (M v M X y ) m V -> U M B w M V. 

We can apply Proposition 4.4. The boundedness condition can be satisfied 
by requiring that X and Y are bounded modules. There is a homotopy 
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F T" 

(a) Cutting and 3^2 in two different places. 



yi\w 



v 



TWr>>.- 



y 2 \ -w 



t" r 



(b) The join by W" . 




P T" 

(c) The join by W. 



Figure 17. Two ways of cutting and pasting to get the join of y\ and y 2 



equivalence fx '■ X Kl A w M X y — > B, and a homotopy Vx^ai ~ fx 
(idx E3Vj\/ M idx v )- These induce a homotopy 

(id v Mfx ^ idy) o <$> M = \d v M(ip x ° (id* ^V A/ M id x v)) IE1 idy 

This finishes the last step. Combining all three gives complete invariance. 
Thus we can refer to \I/yv from now on. □ 

4.3. Proof of algebraic invariance. In this section we prove Proposi- 
tions 4.3 and 4.4. 

Proof of Proposition 4-3. The proof will be mostly diagrammatic. There are 
two modules and aN, and two inverse homotopy equivalences, (p: M — > 
N and ip: N — > M. The dualizing functor a Mod — > Mod^ is a DG-functor. 
Thus it is easy to see that 

(p ® ip v = (<p ® id^v) o (id A f ®-0 v ) 

is also a homotopy equivalence. Let H : M — > M be the homotopy between 
idjvf and tp o (p. 

We have to show that the homomorphism 

(3) V M + Vtv o [ip ® V> v ) 

is null-homotopic (see Figure 18a). Again, it helps if we turn the diagram 
sideways, where bar resolutions come into play. Let Km : A ® M — > M and 
Jin ■ A ® N — > N be the natural homotopy equivalences. 



JOINING AND GLUING SFH 



29 



1 1 



\7 



7 ^ fojVg 



(a) Representation of Eq. (3). 
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(b) Representation of Eq. (4). 
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(c) Null-homotopy of (4). 

Figure 18. Diagrams from the proof of Proposition 4.3. 



(d) Null-homotopy of (3). 



Turning the first term in Eq. (3) sideways, we get \im- Turning the second 
term sideways we get tp o /ijv (id a <S><£>) . Thus we need to show that 

(4) h M + i> o /iat o (id^ ®<p) 

is null-homotopic (see Figure 18b). 

There is a canonical homotopy h^: A ® M — )• N between (p o an( i 
/i/v o (id^igK/?), given by 

h,p(ai,...,ai, (a 1 , a",..., a", m)) = <p(ai, . . . , en, a', a", . . . , a" , m). 

Thus we can build the null-homotopy ip o h v + H o /j M (see Figure 18c). 
Indeed, 

8{ljj O h(p) = ip o tp o /i M +ip oIin o (idyi 
<9(H o /i M ) = idM + ^m- 

Alternatively, we can express the null-homotopy of the expression (3) 
directly as in Figure 18d. □ 



Proof of Proposition 4-4- Recall the statement of Proposition 4.4. We are 
given two differential graded algebras A and B, and three modules — bX a , 
A Y B , and A M. We assume that there are homotopy equivalences X M Y ~ 
B l B and Y M X ~ A I A , and that X ^ A v M X v and B v have homologies of 
the same rank. 

We have to construct a homotopy equivalence (fx '■ X S A w M X w — > B v , 
and a homotopy S/xmM — fx ° (idy KIVji/ Kl id^v). 
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(b) View as a map B (g> X — > X. 



(a) Definition of <p. 
Figure 19. Two views of the homotopy equivalence if from Eq. (5). 



B X M MX B 



B XM MX B B XM MX B 




FIGURE 20. Equality of the direct and induced V maps for X M M. 

We start by constructing the morphism (p. We can define it by the fol- 
lowing equation: 



,bi, x),(x',a) 



( 5 ) ((fx)i\i\j(h, ■ ■ ■ ,bi, (x,a v ,x' v ), b[, 

= (* i +j+i|i|i(6' 1I ...,6j-,6",6i 

Again, it is useful to "turn it sideways". We can reinterpret (fx as a 
morphism of type-AD modules B ® X — > X. In fact, it is precisely the 
canonical homotopy equivalence hx between the two. Diagrams for ipx and 
hx are shown in Figure 19. Since the hx is a homomorphism, it follows 
that ipx is one as well. 

Next we show that Vxmm is homotopic to ipx ° (idx KVj/ Klidx v )- They 
are in fact equal. This is best seen in Figure 20. We use the fact that 5x 
and 5x commute with merges and splits. 

Finally, we need to show that ipx is a homotopy equivalence. We will do 
that by constructing a right homotopy inverse for it. Combined with the 
fact that the homologies of the two sides have equal rank, this is enough to 
ascertain that it is indeed a homotopy equivalence. 

Recall that X M Y ~ I. Thus there exist morphisms of type- AD B, B- 
bimodules / : I — > XWY, and g : XMY — > I, and a null-homotopy H: I — >• I 
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of id n -go f. Note that g v : I v -> Y v E X v is a map of type-ZM-modules, 
and ( B I B y = B I B . 

Let <£y : Y Kl f? v IE y v — > A be denned analogous to i^x- Construct the 
homomorphism 

ip = (idx^Y Klid x v) o (/ IE1 id B v Klidyv Klid^v) o (idiKlids ^5 V ): 

We need to show that (px ° ip is homotopic to id b v , or more precisely to 
the canonical isomorphism l: IM B v M I — >• .B v . A graphical representation 
of (fx ip is shown in Figure 21a. It simplifies significantly, due to the 
fact that B is a DG-algebra, and fiB only has two nonzero terms. The 
simplified version of ipx ° ip is shown in Figure 21b. As usual, it helps to 
turn the diagram sideways. We can view it as a homomorphism B <g) I — > I 
of type-AD B, .B-bimodules. As can be seen from Figure 21c, we get the 
composition 

(6) g o (hx Kl idy) o (id B §>/) =50 /i XKy o (id B §>/) : B §> I I. 

On the other hand, the homomorphism t: IK £? v HI—)- B y , if written 
sideways, becomes the homotopy equivalence h\: B ® I — )■ I. See Figure 22 
for the calculation. In the second step we use some new notation. The caps 
on the thick strands denote a map Bar B — > K to the ground ring, which 
is the identity on B®°, and zero on B® % for any i > 0. The dots on the I 
strands denote the canonical isomorphism of I K B v M I and B v as modules 
over the ground ring. 

Finding a null-homotopy for 1 + (fx ip is equivalent to finding a null- 
homotopy £ <g) I — ^lof/ii + go /ixby (id_B ®/)- There is a null-homotopy 
C/ : -B <§> I ->• 5 § K1A of /o/i, + /i XKy o (id B §>/). Recall that if was 
a null-homotopy of idn +5 /■ Thus we have 

d(H o hj + g o C/) = (id n °h + g° f h) 

+ (g°f°h + g° h x ®Y (ids ®F) 

= hi+ go h X MY o (ids ®F), 

giving us the required null-homotopy. 

To finish the proof, notice that if (px ip is homotopic to ids, then it 
is a quasi-isomorphism, i.e. a homomorphism whose scalar component is a 
quasi- isomorphism of chain complexes. Moreover, when working with Z/2- 
coefficients, as we do, quasi-isomorphisms of ^loo-modules and bimodules 
coincide with homotopy equivalences. 

In particular we have that (ipx ° V0o|i|o = ( l Px)o\i\o ° V'olllo induces an 
isomorphism on homology (in this case the identity map on homology). In 
particular ip induces an injection, while (px induces a surjection. Combined 
with the initial assumption that B v and X M A v M X v have homologies of 
equal rank, this implies that (px)o\i\o and ^olllo induce isomorphisms on 
homology. That is, px and ip are quasi-isomorphisms, and so homotopy 
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Figure 22. The equivalence of the morphism l and hj. 

equivalences. This concludes the proof of Proposition 4.4, and with it, of 
Theorem 4.6. □ 



5. Properties of the join map 

In this section we give some formulas for the join and gluing maps, and 
prove their formal properties. 

5.1. Explicit formulas. We have abstractly defined the join map ^yy i n 
terms of ^ bsA{W) but so far have not given any explicit formula for it. 
Here we give the general formula, as well as some special cases which are 
somewhat simpler. 

If we want to compute \^>v for the join y± ItUyy y 2 , we need to pick a 
parametrization by an arc diagram 2, with associated algebra A, and repre- 
sentatives U for 'BSb{y l ) A , V for A BSD{y 2 ), and M for A BSA(W). Then 
we know 5FC(^i) = URM, SFC{y 2 ) = M v K V, and 5FC(^i iyj w y 2 ) = 
U M A v M V. As given in Definition 4.5, the join map ^yv is 

^>v = id(7 MVm Kl idy : U M M (g> M v ^ U M A v M V. 

In graphic form this can be seen in Figure 23a. 

This general form is not good for computations, especially if we try to 
write it algebraically. However has a much simpler form when M is a 
DG-type module. 

Definition 5.1. An Aoo-module Ma is of DG-type if it is a DG-module, 
i.e., if its structure maps fn\\i vanish for i > 2. A bimodule aMb is of 
DG-type if vanish, unless is one of (0,0), (1,0) or (0,1) (i.e. it 

is a DG-module over A® B). 

A type-DA bimodule a Mb is of DG-type i/^ihu vanish for all j > 2. A 
type-DD bimodule A M B is of DG-type if 8\\\\i{x) is always in A ® X <g> 1 + 
1 <g) X ® B (i.e. it is separated) . All type D-modules M A are DG-type. 

The Kl-product of any combination of DG-type modules is also DG-type. 
All modules BSA, BSD, BSAA, etc., computed from a nice diagram are of 
DG-type. 
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Proposition 5.2. Let the manifolds y±, y 2 , and W, and the modules U, 
V , and M be as in the above discussion. If M is DG-type, the formula for 
the join map ^>v simplifies to: 

(7) ^ w (u Mm®n v Mv) = V] (m M (a, m), n v ) • u M a v m v, 

a 

where the sum is over a Z/2-basis for A. A graphical representation is given 
in Figure 23b. 

Finally, an even simpler case is that of elementary modules. We will see 
later that elementary modules play an important role for gluing, and for the 
relationship between the bordered and sutured theories. 

Definition 5.3. A type-A module aM (or similarly Ma) is called elemen- 
tary if the following conditions hold: 

(1) M is generated by a single element m over Z/2. 

(2) All structural operations on M vanish (except for multiplication by 
an idempotent, which might be identity). 

A type-D module A M (or M A ), is called elementary if the following 
conditions hold: 

(1) M is generated by a single element m over Z/2. 

(2) 6(m) = 0. 

Notice that for an elementary module M = {0, m} we can decompose m 

as a sum m = L\m-\ h Lkfn, where (ij) is the canonical basis of the ground 

ring. Thus we must have t^m = m for some i, and tjm = for all i ^ j. 
Therefore, elementary (left) modules over A are in a 1-to— 1 correspondence 
with the canonical basis for its ground ring. 

We only use elementary type-^4 modules in this section but we will need 
both types later. 

Remark. For the algebras we discuss, the elementary type-^4 modules are 
precisely the simple modules. The elementary type--D modules are the those 
A M for which A M M € a Mod is an elementary projective module. 

Proposition 5.4. If aM = {m,0} is an elementary module corresponding 
to the basis idempotent lm> then the join map 'fyy reduces to 

(8) $>w{u ^ rn ® m v Mv) = u M t M V B v. 
Graphically, this is given in Figure 23c. 

Moreover, in this case, SFC(yi) = U 1M ■ i M CU and SFC(y 2 ) = 
MMV = lm -V <ZV as chain complexes. 

Proposition 5.2 and Proposition 5.4 follow directly from the definitions of 
DG-type and elementary modules. 
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(b) M of DG-type. (c) M elementary. 

Figure 23. Full expression for join map in three cases. 

5.2. Formal properties. In this section we will show that the join map 
has the formal properties stated in Theorem 1. A more precise statement of 
the properties is given below. 

Theorem 5.5. The following properties hold: 

(1) Lety\ andy2 be sutured andW be partially sutured, with embeddings 
W y\ and — W 3V There are natural identifications of the 
disjoint unions 3*1 U 3^2 and ^U^i, and of of the joins 3*1 ItUyy 3^2 
and 3^2 W-w 3^1 - Under this identification, there is a homotopy 

(2) Let y\, 3^2; ond 3*3 be sutured, and Wi and W2 &e partially sutured, 
such that there are embeddings Wi 3^1, (— Wi U W2) 3V 

— W2 3^3- TTie following diagram commutes up to homotopy: 

SFC^i u 3^2 u 3^3) 1 SFC{y x y 3^2 u y 3 ) 



^W 1 U-W 2 



•w 2 



SFC^i u 3^2 y 3> 3 ) 



5FC(yi ujj 3^2 y 3> 3 ) 



(3) Lei W fre partially sutured. There is a canonical element [Aw] in 
ffte sutered F/oer homology SFH(D(W)) of the double ofW. If A 
is any representative for [Aw], and there is an embedding W ^ y, 
then 



(9) * w (., A) ~ id SFC{y) : SFC(y) -»■ 5FCQ>). 

Proof. We will prove the three parts in order. 

For part (1), take representatives U A for 550(^1 \W), A F for BSD(y 2 \ 
— W), and A M for 5571 (W). The main observation here is that we can turn 
left modules into right modules and vice versa, by reflecting all diagrams 
along the vertical axis (see Appendix B.6). If we reflect the entire diagram 
for ^* m > domain and target chain complexes are turned into isomorphic ones 
and we get a new map that is equivalent. 

The domain U A M A M <g>M v A M A V becomes V A ° P M A o P M v ®M A o P M A ° P U, 
and the target U A M A A V A M A V becomes V A ° P M A o P (A v )°P Aop M A ° P U. 



36 



RUMEN ZAREV 



Notice that V A ° P is BSD(y 2 \ -W), A°vU is BSD^ \ W), and A o P M v is 
5SA(-W). In addition (A v ) op = (A op ) v . Since the map V M is completely 
symmetric, when we reflect it, we get V«v. Everything else is preserved, so 
reflecting \]/yy gives precisely This finishes part (1). 

For part (2), the equivalence is best seen by working with convenient 
representatives. Pick the following modules as representatives: U A for 
^5(3^1 \Wi), A X B for- j3SDD{y 2 \ (-Wi U W 2 )), B V for BSDQ?i), A M for 
BSA(Wi) and B N for BSD(W 2 ). We can always choose M, N, and X to 
be of DG-type in the sense of Definition 5.1. Since X is of DG-type, taking 
the Kl-product with it is associative. (This is only true up to homotopy in 
general). Since M and N are DG-type, we can apply Proposition 5.2 to get 
formulas for and l I / vv 2 . The two possible compositions are shown in 
Figures 24a and 24b. 

To compute ^WiU-W 25 notice that (U ® V) A ' B ° P represents BSDD((y 1 U 
3>3)\(WiU->V3)), A > B ° P X represents BSDD(y 2 \(-WxUW 2 )) , and A ,B°r{M® 
N v ) is a DG-type module representing BSAA(W\ U —W 2 ). To compute the 
join map, we need to convert them to single modules. For type-DD mod- 
ules, this is trivial (any A, I?-bimodule is automatically an A ® 5-module 
and vice versa). For type-AA modules, this could be complicated in gen- 
eral. Luckily, it is easy for DG-type modules. Indeed, if Pa,b is DG-type, 
the corresponding A (g> S-module Pa®b is also DG-type, with algebra action 

mi|i(-,o(g)6) = min| (-,a) o m x \Q\i{- ,b) = mi|o|i(-,&) o ?n 1 | 1 | (-, a). 

In the definition of bimodule invariants in [Zar09], the procedure used to 
get BSAA from BSA, and BSDD from BSD is exactly the reverse of this 
construction. 

Thus, we can see that (U ® V) A ® B ° P represents 'BSD({y 1 U y 3 ) \ (Wi U 
-W 3 )), A ®B^X represents BSD{y 2 \ (-Wi U W 2 )), and a®b°p(M ® ^ v ) 
represents -B5^4 (Wi U — W2). It is also easy to check that 

aA^ A ® B°p(B op ) y B o P = a®b°p{A ® -B op ) v A0B o P . 

We can see a diagram for VP^u— W2 i R Figure 24c. By examining the 
diagrams, we see that the three maps are the same, which finishes part (2). 

Part (3) requires some more work, so we will split it in several steps. We 
will define Am for a fixed representative M of BSD(W). We will prove that 
[Am] does no depend on the choice of M. Finally, we will use a computa- 
tional lemma to show that Eq. (9) holds for Am. 

First we will introduce some notation. Given an ^loo-module over 
A = A{Z), define the double of M to be 

(10) V{M) = M v M ( A I A MAM A l A ) M M. 

Note that if M = BSA(W), then V{M) = BSA{-W)MBSDD{TWt,-)^ 
BSA(W) ~ SFC(V(W)). Next we define the diagonal element A M 6 V(M) 
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Figure 25. The diagonal element A M - 



UAXBVUAXBV U®V A®B°p X 
(a) * W2 o * Wl (b) 1< Wl o ^ W2 (c) *wiu-w 2 

FIGURE 24. Three ways to join y 1: y 2 , and y 3 . 



as follows. Pick a basis (mi, . . . , m^) of M over Z/2. Define 



(11) 



A 



E 



111; 



(* Kl 1 M *) 



mi 



It is easy to check that this definition does not depend on the choice of 
basis. Indeed there is a really simple diagrammatic representation of AM, 
given in Figure 25. We think of it as a linear map from Z/2 to D(M). It 
is also easy to check that OAm = 0. Indeed, writing out the definition of 
8Am, there are are only two nonzero terms which cancel. 

The proof that [Am] does not depend on the choices of A and M is very 
similar to the proof of Theorem 4.6, so will omit it. (It involves showing 
independence from M, as well as from A via a quasi-invertible bimodule 
A X B .) 

Lemma 5.6. Let A be a differential graded algebra, coming from an arc 
diagram Z. There is a homotopy equivalence 

A-nA kti . a . , At, 



ca: A l A 



A" 



given by 



(ca)i\ 



i |o 



a v B * M b) 



b (g> * if a is an idempotent, 







otherwise. 
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A l A A A l A A 




A H A A a 1a 

FIGURE 26. The cancellation homotopy equivalence ca ■ I E A v IEI I £3 ^4 



Here we use * to denote the unique element with compatible idempo- 
tents in the two versions of I. (Both versions have generators in 1-to-l 
correspondence with the basis idempotents.) 

Remark. As we mentioned earlier, one has to be careful when working with 
type-DD modules. While Kl and ® are usually associative by themselves, 
and with each other, this might fail when a DD-module is involved, in which 
case we only have associativity up to homotopy equivalence. However, this 
could be mitigated in two situations. If the DD-module is DG-type (which 
fails for ^F 1 ), or if the type-^4 modules on both sides are DG-type, then 
true associativity still holds. This is true for A and A v , so the statement of 
the lemma makes sense. 

Proof of Lemma 5. 6. Note that we can easily see that there is some homo- 
topy equivalence (I M A v Kl I) E3 A ~ I, since the left-hand side is 

BSDD(TW T ,+) ^ BSAA(TW_y_) k BSDA(TW t ,+ U TW_y_), 

while the right side is BSDA^ x [0, 1]), and those bordered sutured mani- 
folds are the same. The difficulty is in finding the precise homotopy equiv- 
alence, which we need for computations, in order to "cancel" A^ and A. 

First, we need to show that ca is a homomorphism. This is best done 
graphically. The definition of ca is represented in Figure 26. The notation 
we use there is that A 1 A is a jagged line, without a direction, since I is its 
own dual. a 1a is represented by a dashed line. As before the line can start 
or end with a dot, signifying the canonical isomorphism given by • M *. 

We need to show that 8ca = 0. Note that by definition ca only has a 
l|l|0-term. On the other hand 5 on I m A v M IM A has only 1|1|0- and 
1|1|1— terms, while 5 on I has only a l|l|l-term. 

Thus only four terms from the definition of 8ca survive. These are shown 
in Figure 27. Expanding the definition of 6 on I H A v M I K A in terms of 
the operations of I, A, and A v , we get seven terms. We can see them in 
Figure 28. The terms in Figures 28a — 28d correspond to Figure 27a, while 
those in Figures 28e — 28g correspond to Figures 27b — 27d, respectively. Six 
of the terms cancel in pairs, while the one in 28b equals 0. 
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(b) (c) 
Figure 27. Nontrivial terms of Oca- 
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(d) 




(e) (f) 

Figure 28. Elementary terms of 9/i. 



(g) 



Showing that ca is a homotopy equivalence is somewhat roundabout. 
First we will show that the induced map 

id A Mc A : A M ( A I A M A v M A I A M A) -> A M A l A ^ A 

is a homotopy equivalence. It is easy to see that the map is 



a • c if 6 is an idempotent, 
otherwise. 



In particular, it is surjective. Indeed, id^. Mca{o, K1*K11 V K1*K11) = a for 
all a £ A. Thus the induced map on homology is surjective. But the source 
and domain are homotopy equivalent for topological reasons (both represent 
BSAA(TWy _)). This implies that id^ Klc^ is a quasi-isomorphism, and a 
homotopy equivalence. But (I M A v E I) E A ~ I and A M (I B ,4 V E I) ~ I for 
topological reasons, so ^4 Kl • is an equivalence of derived categories. Thus, 
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I M 



I M A 

Figure 29. Proof that Am) 



© 



M 



A I M 



ca itself must have been a homotopy equivalence, which finishes the proof 
of the lemma. □ 

We will now use Lemma 5.6, to show that for any y there is a homo- 
topy ^ , w(-, Ajv/) ~ idgpcry)- Let ca be the homotopy equivalence from the 
lemma. There is a sequence of homomorphisms as follows. 

IBM 

imm <g> v{M) ^imM ® m v mimAmimM 

IMA y MIMAMIMM 

c A Sid mM 



I 



M 



The composition of these maps is shown in Figure 29. As we can see from 
the diagram, it is equal to idi M idjvf . If U = BSD{y \ W), then by applying 
the functor id[/ M- to both homomorphisms, we see that 



(id v Kca Kl id mM ) o ° (id5FC(y) ^A M ) 
which is equivalent to Eq. (9). 



id 



SFC(y) > 



□ 



5.3. Self-join and self-gluing. So far we have been talking about the join 
or gluing of two disjoint sutured manifolds. However, we can extend these 
notions to a self-join or self-gluing of a single manifold. For example if there 
is an embedding (W U — W) y, then we can define the self-join of y along 
W to be the concatenation 

yw w>(3 = (y \ (w u -w)) u^ uT mv, + y y wu -w v{w). 

It is easy to see that if W and — W embed into different components of y, 
this is the same as the regular join. 
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Similarly, we can extend the join map to a self-join map 

* W)0 : SFC(y) -»■ sfcxv wwu-w^W) ~ SFC(y\y W)0 ), 

by setting 

*w,o = ^wu-wMw). 
Again, if W and — W embed into disjoint components of y, ^fw,o U P 
to homotopy, the same as the regular join map ^vv- This follows quickly 
from properties (2) and (3) in Theorem 5.5. 

6. The bordered invariants in terms of SFH 

In this section we give a (partial) reinterpretation of bordered and bor- 
dered sutured invariants in terms of SFH and the gluing map VP. This is a 
more detailed version of Theorem 2. 

6.1. Elementary dividing sets. Recall Definition 2.3 of a dividing set. 
Suppose we have a sutured surface T = (F, A) parametrized by an arc 
diagram Z = (Z, a, M) of rank k. We will define a set of 2 k distinguished 
dividing sets. 

Before we do that, recall the way an arc diagram parametrizes a sutured 
surface, from Section 3.1. There is an embedding of the graph G{Z) into 
F, such that <9Z = A (Recall Figure 8). We will first define the elementary 
dividing sets in the cases that Z is of a— type. In that case the image of Z 
is a push-off of 5+ into the interior of F. Denote the regions between S+ 
and Z by Rq. It is a collection of discs, one for each component of S+. The 
images of the arcs C G(Z) are in the complement F\Rq. 

Definition 6.1. Let I C {1, ...,k}. The elementary dividing set for T 
associated to I is the dividing set Tj constructed as follows. Let Rq be the 
region defined above. Set 

R + = RqU\J v{ei) C F. 

Then Tj = (dR+)\S+. 

If Z is of /3-type, repeat the same procedure, substituting i?_ for R + and 
S- for S+. For example the region Rq consists of discs bounded by ^UZ. 
Examples of both cases are given in Figure 30. 

We refer to the collection of Tj for all 2 fc -many subsets of {l,...,k} 
as elementary dividing sets for Z. The reason they are important is the 
following proposition. 

Proposition 6.2. Let Z be an arc diagram of rank k, and let L C {1, . . . , k} 

be any subset. Let lj be the idempotent for A = A(Z) corresponding to 
horizontal arcs at all i G /, and let li<^ be the idempotent corresponding to 
the complement of I . LetWi be the cap associated to the elementary dividing 
set Tj. 

Then the following hold: 
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(a) a-type diagram. (b) /3-type diagram. 



Figure 30. Elementary dividing sets for an arc diagram. In each case we 
show the arc diagram, its embedding into the surface, and the dividing set 
r{2,3}- The shaded regions are R + . 




Figure 31. Heegaard diagram H for the cap W2.3 corresponding to the di- 
viding set from Figure 30a. 

• A BSD(yV) is (represented by) the elementary type-D module for tj. 

• a BSA (W) is (represented by) the elementary type- A module for ljc . 

Proof. The key fact is that there is a particularly simple Heegaard diagram 
% for W/. For concreteness we will assume Z is a type-a diagram, though 
the case of a type-/3 diagram is completely analogous. 

The diagram T~L = (£, a, (3, Z) contains no a-circles, exactly one a-arc af 
for each matched pair Af _1 (i), and k — #I many ^-circles. Each /3-circle has 
exactly one intersection point on it, with one of a", for i £ I. This implies 
that there is exactly one generator x € G(H), that occupies the arcs for I c . 
This implies that BSD(Wi) and BSA(Wi) are both {x, 0} as Z/2-modules. 
The actions of the ground ring are ii ■ x = x for BSD(Wi) and ljc ■ x = x for 

BSA(Wi). This was one of the two requirements for an elementary module. 

The connected components of S \ (a U j3) are in 1-to-l correspondence 
with components of dR+. In fact each such region is adjacent to exactly 
one component of <9X \ Z. Therefore, there are only boundary regions and 
no holomorphic curves are counted for the definitions of BSD(Wi) and 
BSA(yVj). This was the other requirement for an elementary module, so 
the proof is complete. The diagram H can be seen in Figure 31. □ 

We will define one more type of object. Let J 7 be a sutured surface 
parametrized by some arc diagram Z. Let / and J be two subsets of 
{1, . . . , k\. Consider the sutured manifold — Wj U TW_-^ _ U Wj. Since 
— Wi and Wj are caps, topologically this is F x [0, 1]. The dividing set can 
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be described as follows. Along F x {0} it is Fj x {0}, along F x {1} it is 
Tj x {1}, and along dF x [0, 1] it consists of arcs in the [0, 1] direction with 
a partial negative twist. 

Definition 6.3. Let Fj^,j denote the dividing set on d(F x [0, 1]), such that 

(f x [o, i], rw) = -Wi u tw t _ u w,j. 

6.2. Main results. The main results of this section are the following two 
theorems. We will give the proofs in the next subsection. 

Theorem 6.4. Let J 7 be a sutured surface parametrized by an arc diagram 
Z. The homology of A = A(Z) decomposes as the sum 

(12) H.(A)= n ■ H*{A) ■ tj = H^lj-A-lj), 

I,JC{l,-,k} I,Jc{l,-,k} 

where 

(13) n ■ H*(A) ■ lj * SFH(F x [0, 1],T M ). 
Multiplication fi2 descends to homology as 

m = V(f,Vj)-- SFH(F x [0,1], IW) ®SFH(F x [0,1], T^) 

^ SFH (Fx [0,1],IW), 

and is on all other summands. 

Theorem 6.5. Let y = (Y, T, F) be a bordered sutured manifold where F 
parametrized by Z. Then there is a decomposition 

H t (bSA(Y)a) = JZ» (BSA(yj) ■ lj 

(15) /C{1 - fe} 

= h* (bsa(y) ■ n 

/C{l,...,fc} 

where 

(16) H* (BSA(Yf) ■ lj £ SFH{Y,TUTi). 

Moreover, the m\\\ action of A on BSA descends to the following action 
on homology: 

(17) m H = ^ (F r l) : SFH(Y,TUTj)(g ) SFH(FxI,Ti^j) ^ SFH(Y,FUTj), 

and mjj = on all other summands. 

Similar statements hold for left A-modules ABSA(y), and for bimodules 
A BSAA{y) B . 

Theorem 6.4 and 6.5, give us an alternative way to think about bordered 
sutured Floer homology, or pure bordered Floer homology. (Recall that as 
shown in [Zar09], the bordered invariants CFD and CFA are special cases 
of BSD and BSA.) More remarkably, as we show in [Zar], H*(A), fj,jj, and 
mjj can be expressed in purely contact-geometric terms. 
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For practical purposes, A and BSA can be replaced by the .Aoo-algebra 
H*(A) and the ^loo-module H*(BSA) over it. For example, the pairing 
theorem will still hold. This is due to the fact that (using Z/2-coefficients), 
an ^loo-algebra or module is always homotopy equivalent to its homology. 

We would need, however, the higher multiplication maps of H*(A), and 
the higher actions of if* (A) on H*(BSA) . The maps hh and m# that we just 
computed are only single terms of those higher operations. (Even though A 
is a DG-algebra, H*{A) usually has nontrivial higher multiplication.) 

6.3. Proofs. In this section we prove Theorems 6.4 and 6.5. Since there is 
a lot of overlap of the two results and the arguments, we will actually give a 
combined proof of a mix of statements from both theorems. The rest follow 
as corollary. 

Combined proof of Theorem 6.4 and Theorem 6.5. First, note that Eq. (12) 
and Eq. (15) follow directly from the fact that the idempotents generate the 
ground ring over Z/2. 

We will start by proving a generalization of Eq. (13) and Eq. (16). The 
statement is as follows. Let J- and J-' be two sutured surfaces parametrized 
by the arc diagrams Z and Z' of rank k and k', respectively. Let A = A(Z) 
and B = A(Z'). Let y = (Y, T, T U J 7 ') be a bordered sutured manifold, 
and let M = A BSAA(y) B . 

Fix I C {1, . . . , k} and J C {1, . . . , k'}. Let Wi and Wj be the respective 
caps associated to the dividing sets Tj on T and T'j on J 7 '. Then the 
following homotopy equivalence holds. 

(is) ii ■ BSAA(y) ■ lj ~ 5FC(y,r/ urur'j). 

The proof is easy. Notice that the sutured manifold (Y, Tj UTUTj) is just 
-W/UyuW^. By the pairing theorem, SFC(Y, T/ U T U T j) ~SSD(-W/)B 
BSAA(y)MBSD{W'j). But by Proposition 6.2, BSD(-Wi) = {x/,0} is the 
elementary module corresponding to tj, while BSD(Wj) = {yj,0} is the 
elementary idempotent corresponding to i'j. Thus we have 

BSD(-Wi) B BSAA(y) H BSD{Wj) = 27 B BSAA(y) H yj 

^ H ■ BSAA(y) ■ i'j. 

Eq. (13) follows from Eq. (18) by substituting the empty sutured sur- 
face = (0,0) for T. Its algebra is A(0) = Z/2, so z/2 BSAA(y) B and 

BSA(y)B can be identified. 

Eq. (16) follows from Eq. (18) by substituting J~{Z) for both T and J 7 ', 
and TW_y _ for y. Indeed, BSAA(-TWy _) ~ A(Z), as a bimodule over 
itself, by Proposition 3.12. 

Next we prove Eq. (17). Let Ua be a DG-type representative for BSA(y)A, 
and let M/ be the elementary representative for aBSA(Wi). Since both are 
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DG-type, we can form the associative product 

U M A I A M Mi ~ BSA(Y) M 5S73(}V/) 

~ sfc(y, rur 7 ). 

Similarly, pick Mj to be the elementary representative for aBSA(Wj). We 
also know that aAa is a DG-type representative for aBSAA(TW _y _)a- 
We have the associative product 

Mj v M A l A MAM A l A M Mj ~ BSD(-Wj) KiS BSD(W,j) 

~SFC(Fx [0,1], IW). 

Gluing the two sutured manifolds along (i 7 , T/) results in 

y u rnv, + u rw_ Tt _ u Wj = y u Wj = (y, r u Tj), 

so we get the correct manifold. 

The gluing map can be written as the composition of 

V Ml ■ (Umi)m Mj <g> M/ V Mj) 

-4 (J7 IS I) El A v IS (I El A SI I IS Mj), 
id[/ Kca IS id raA/j : U M (I IS A v El I El A) E I E Mj [7 E I B Mj, 

where is the homotopy equivalence from Lemma 5.6. 

Luckily, since Mj is elementary, VI/mj takes the simple form from Propo- 
sition 5.4. In addition, since U and Mj are DG-type, idKl/iKlid is also very 
simple. As can be seen in Figure 32, the composition is in fact 

u IS * IS xi* <8> x/c v IS*ISalS*ISa:jci-^ m^u, a) IS * IS xjc 

Since • IS * M xic corresponds to -ii, this translates to the map 

#(F,r x ) : (U ■ n) ® (ij • A ■ lj) U ■ ij, 

{u ■ li) (g) (tj • a ■ ij). h-> m(u, a) ■ ij 

Note that even though we picked a specific representative for BSA(y)A, 
the group H*(BSA(y)) and the induced action tuh of H*(A) do not depend 
on this choice. Finally, Eq. (14) follows by treating A as a right module over 
itself. □ 



Appendix A. Calculus of diagrams 

This appendix summarizes the principles of the diagrammatic calculus we 
have used throughout the paper. First we describe the algebraic objects we 
work with, and the necessary assumptions on them. Then we describe the 
diagrams representing these objects. 
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U I Mi Mi I A I Mj \j \MMii A I Mj 




U I Mj U IMj 



Figure 32. The gluing map * Mf on SFC(Y,Tj) ® SFC(F x [0, 1], IW), 
followed by the chain homotopy equivalence id Kc^ Kl id. 

A.l. Ground rings. The two basic objects we work with are a special class 
of rings, and bimodules over them. We call these rings ground rings. 

Definition A.l. A ground ring K is a finite dimensional Z/2-algebra with 
a distinguished basis (e\, . . . , e&) such that multiplication is given by the for- 
mula 

e e = < 6i = J ' 

I otherwise. 

Such a basis for K is called a canonical basis. 

The canonical basis elements are uniquely determined by the property 
that ei cannot be written as a sum u + v, where u and v are nonzero and 
u ■ v = 0. Each element of K is an idempotent, while 1^ = ei + • • • + is 
an identity element. 

We consider only finite dimensional bimodules kMl over ground rings K 
and L, and collections (xMiL)i£i where / is a countable index set (usually 
/ = {0, 1, 2, . . .}, or some Cartesian power of the same), and each Mj is a 
finite-dimensional K, L-bimodule. It is often useful to think of the collection 
(Mi) as the direct sum @ ig/ Mj, but that sometimes leads to problems, so 
we will not make this identification. 

There are some basic properties of bimodules over ground rings as defined 
above. 

Proposition A. 2. Suppose K , L, and R are ground rings with canonical 
bases (ei, . . . , e^), (e[, . . . , ej), and (e'{, . . . , e"), respectively. 

• A bimodule kMl is uniquely determined by the collection of Z/2- 
vector spaces 

d-M-e'j, i E {l,...,k},j € {1,...,/}, 

which we will call the components of M . 
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• A K, L-bilinear map f : M — > N is determined by the collection of 
Z/2-linear maps 

f\ ei -M-e'.- ei-M -e'j -tei-N-efj. 

• The tensor product (a - Ml) <8>l (lNr) has components 

i 

e t ■ (M ®l N) ■ e) = 0( ei • M • <£) ® z/2 (e' p - N ■ e'j). 
P =i 

• T/ie dtmZ lM v x of kMl has components 

d ■ M v • e ;. 9* (ej- • M • e;) v , 

and i/ie double dual (M v ) v is canonically isomorphic to M. 

Proof. These follow immediately. The fact that M vv = M is due to the fact 
the fact that each component is a finite dimensional vector space. □ 

Finally, when dealing with countable collections we introduce the follow- 
ing conventions. For consistency we can think of a single module M as a 
collection (Mj) indexed by the set I = {1}. 

Definition A. 3. Let K, L, and M be as in Proposition A. 2. 

• An element of (Mj)j g / is a collection (mj)j e / where mi £ Mj. 

• A bilinear map /: (kMil)^ — > (i(Nj L )j£j is a collection 

f {iJ) : Mi -> Nj (i,j)elxj. 
Equivalently, a map f is an element of the collection 
Rom KtL ((Mi) ieI , (Nj) jeJ ) = (Hom(M i ,iV ? )) (iJ)erxJ . 

• The tensor k(Mi)l <8 L(Nj)n is the collection 

((M ® AO(ij))(ij)e/xj = (Mj ® ^j)(i,j)eixJ- 

• The dual ((M;).; g /) v is i/ie collection (Mj V )j 6 /. 

• Given bilinear maps f: (Mi) — > (Nj) and g: (Nj) — > (P p ), their 
composition g o / : (Mj) — > (P p ) is the collection 

(g°f)(i, P ) = ^9{j, P )°f(i,jy 

Note that the composition of maps on collections may not always be 
defined due to a potentially infinite sum. On the other hand, the double 
dual (Mj) vv is still canonically isomorphic to (Mj). 
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A. 2. Diagrams for maps. We will use the following convention for our 
diagram calculus. There is a TQFT-like structure, where to decorated planar 
graphs we assign bimodule maps. 

Proposition A. 4. Suppose Kq, K\, . . . , K n = Kq are ground rings, n > 0, 
and Ki^Mix are bimodules, or collections of bimodules. Then the following 
Ij/2-spaces are canonically isomorphic. 

Ai = Mi® M i+ i ® • • • ® M n ® Mi ® • • • ® Mi-i/ ~, 

Bij = Eom KiiKj (M 4 V ® • • • ® M x v ® M% ® • • • ® M/ +1 , Mj+i ® • • • ® M,-), 

Cij- = Horn^^M/ ® • • • ® Mi +1 , M j+1 ® ■ ■ ■ ® M n ® Mi ® • • • ® M), 

/or < i < j < n ; where the relation ~ in f/ie definition of Ai is k-x ^ x-k, 
for k £ Ki-\. 

Proof. The proof is straightforward. If all Mj are single modules, then we are 
only dealing with finite-dimensional Z/2-vector spaces. If some of them are 
collections, then the index sets for Ai, Bij and Cj j are all the same, and any 
individual component still consists of finite dimensional vector spaces. □ 

This property is usually referred to as Frobenius duality. Our bimodules 
behave similar to a pivotal tensor category. Of course we do not have a real 
category, as even compositions are not always defined. 

Definition A. 5. A diagram is a planar oriented graph, embedded in a disc, 
with some degree-1 vertices on the boundary of the disc There are labels as 
follows. 

• Each planar region (and thus each arc of the boundary) is labeled by 
a ground ring K. 

• Each edge is labeled by a bimodule kMl, such that when traversing 
the edge in its direction, the region on the left is labeled by K , while 
the one on the right is labeled by L. 

• An internal vertex with all outgoing edges labeled by M±, . . . , M n , in 
cyclic counterclockwise order, is labeled by an element of one of the 
isomorphic spaces in Proposition A.J,.. 

• If any of the edges adjacent to a vertex are incoming, we replace the 
corresponding modules by their duals. 

When drawing diagrams we will omit the bounding disc, and the boundary 
vertices. We will usually interpret diagrams consisting of a single internal 
vertex having several incoming edges Mi , . . . , M m "on top" , and several 
outgoing edges N±, . . . , N n "on the bottom", as a bilinear map in Hom(Mi® 
• • • ® M m , N\ ® • • • ® N n ). See Figure 33 for an example. 

Under some extra assumptions, discussed in Section A. 3, a diagram with 
more vertices can also be evaluated, or interpreted as an element of some set, 
corresponding to all outgoing edges. The most common example is having 
two diagrams T>\ and T>i representing linear maps 
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M 1 V M 5 V M 4 V M 3 V M 2 V 




Mi M 2 Ms M 4 M s M 2 M 3 M 4 M s Mi 



Figure 33. Three equivalent diagrams with a single vertex. The label F is 
interpreted as an element of A\ = Mi ® ■ ■ ■ ® M5/ ~, B14 = Hom(M^ 
M 5 V , M 2 (8) M 3 <g> M 4 ), and C M Hom(M^ M 3 V <g> M 2 V , M 5 ® Mi), respectively. 



D 




MNP M N 

Figure 34. Evaluation of a complex diagram. 



Stacking the two diagrams together, feeding the outgoing edges of Pi into 
the incoming edges of T>2, we get a new diagram T>, corresponding to the 
map fi o fi : M — > P. More generally, we can "contract" along all internal 
edges, pairing the elements assigned to the two ends of an edge. As an 
example we will compute the diagram D in Figure 34. Suppose the values 
of the vertices F, G, and H are as follows: 

F = ^2 m i ® 1i ® Si G M <g> Q ® S, 

i 

G = J2 s 'j® r 'j ®Pj ®R y ® P v , 
j 

H = Qk ® n k <H> r k G Q v (g) N (g> R. 

k 

Then the value of D is given by 

i,j,k 

Edges that go from boundary to boundary and closed loops can be in- 
terpreted as having an identity vertex in the middle. As with individual 
vertices, we can rotate a diagram to interpret it as an element of different 
spaces, or different linear maps. 

Note that the above construction might fail if any of the internal edges 
corresponds to a collection, since there might be an infinite sum involved. 
The next section discusses how to deal with this problem. 



50 



RUMEN ZAREV 



A. 3. Boundedness. When using collections of modules we have to make 
additional assumptions to avoid infinite sums. We use the concept of bound- 
edness of maps and diagrams. 

Definition A. 6. An element (mj)jg/ of the collection (Mj)j g / is called 
bounded if only finitely many of its components mi are nonzero. Equiv- 
alently, the bounded elements of (Mi) can be identified with the elements of 

For a collection (Mjj)j g /j g j there are several different concepts of bound- 
edness. An element (mij) is totally bounded if it is bounded in the above 
sense, considering I x J as a single index-set. A weaker condition is that 
( m i,j) is bounded in J relative to /. This means that for each i €. I, there are 
only finitely many j € J, such that niij is nonzero. Similarly, an element 
can be bounded in I relative to J. 

Note that /: (Mi) — > (Nj) is bounded in J relative to / exactly when / 
represents a map from i Mi to ® ■ Nj. In computations relatively bounded 
maps are more common than totally bounded ones. For instance the identity 
map id: (Mi) ->■ (Mi) and the natural pairing (■, •) : (M { ) v ® (Mi) ->■ K are 
not totally bounded, but are bounded in each index relative to the other. 

To be able to collapse an edge labeled by a collection (Mj)j e j in a diagram, 
at least one of the two adjacent vertices needs to be labeled by an element 
relatively bounded in the /-index. For a given diagram D we can ensure 
that it has a well-defined evaluation by imposing enough boundedness con- 
ditions on individual vertices. (There is usually no unique minimal set of 
conditions.) Total or relative boundedness of D can also be achieved by a 
stronger set of conditions. For example, if all vertices are totally bounded, 
the entire diagram is also totally bounded. 

Appendix B. .Aqo-algebras and modules 

In this section we will present some of the background on ^loo-algebras 
and modules, and the way they are used in the bordered setting. A more 
thorough treatment is given in [LOTlOa]. 

As in Appendix A, we always work with Z/2-coefficients which avoids 
dealing with signs. Everything is expressed in terms of the diagram calculus 
of Appendix A. As described there, all modules are finite dimensional, 
although we also deal with countable collections of such modules. There is 
essentially only one example of collections that we use, which is presented 
below. 

B. l. The bar construction. Suppose K is a ground ring and kMk is a 
bimodule over it. 

Definition B.l. The bar of M is the collection 

BarM = (M^) i=0 ,...,oo, 

of tensor powers of M . 
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3ar M Bar M Bar M Bar M Bar A/ M Bar A/ Bar A/ M Bar A/ 







tJLJ> 



Bar M Bar A/ A/ Bar M Bar A/ Bar M Bar A/ Bar A/ Bar M Bar M 

(a) Split maps. (b) Merge maps. 



Figure 35 



There are two important maps on the bar of M. 

Definition B.2. The split on BarM is the map s: BarM — > BarM® 
BarM with components 

fid: M® 1 (M®J) ® (M 0fc ) if i = j + k, 
(*J> fc ) I o otherwise. 

The merge map Bar M <S) Bar M — > Bar M is similarly defined. 

Merges and splits can be extended to more complicated situations where 
any combination of copies of Bar M and M merge into Bar M, or split from 
Bar M. All merges are associative, and all splits are coassociative. 

Like the identity map, splits and merges are bounded in incoming indices, 
relative to outgoing, and vice versa. To simplify diagrams, we draw merges 
and splits as merges ans splits of arrows, respectively, without using a box 
for the corresponding vertex (see Figure 35). 

B.2. Algebras and modules. The notion of an Aoo _ algebra is a general- 
ization of that of a differential graded (or DG) algebra. While the algebras 
that arise in the context of bordered Floer homology are only DG, we give 
the general definition for completeness. We will omit grading shifts. 

Definition B.3. An Aoo _ algebra A over the base ring K consists a K- 
bimodule kA-k, together with a collection of linear maps fi{ : A® 1 —¥ A, 
i > 1, satisfying certain compatibility conditions. By adding the trivial map 
fiQ = 0: K — > A, we can regard this as a map fj, = (^j) : Bar A — > A. This 
induces a map Ji: Bar A — > Bar A, given by splitting Bar M into three copies 
of itself applying fi to the middle one, and merging again (see Figure 36a). 

The compatibility condition isflo fx = 0, or equivalently JI o JI = (see 
Figure 36b). 

The algebra is unital if there is a map 1: K — > A (which we draw as a 
circle labeled "1" with an outgoing arrow labeled "A"), such that (12(1, a) = 
H2(a, 1) = a, and fii(. . . , 1, . . .) = if i 7^ 2. 

The algebra A is bounded if fx is bounded, or equivalently ifjt is relatively 
bounded in both directions. 

Notice that a DG-algebra with multiplication m and differential d is just 
an Aoo algebra with fii = d, m = m, and ^ = for i > 3. Moreover, 
DG-algebras are always bounded. 



52 



RUMEN ZAREV 



i 

A* 

T 




A* 



/' 



^7 



(a) in terms of /i. (b) Compatibility conditions. 

Figure 36. Definition of ./loo-algebras 



Since DG-algebras are associative, there is one more operation that is 
specific to them. 

Definition B.4. The associative multiplication ir: Bar A — > A for a DG- 

algebra A is the map with components 



TTi(ai ® • • • ® Ctj) 



a±a2 ■ ■ ■ en i > 0, 
1 t = 0. 



There are two types of modules: type-A, which is the usual notion of 
an .Aoo-module, and type-D. There are four types of bimodules: type- AA, 
type-DA, etc. These can be extend to tri-modules and so on. We describe 
several of the bimodules. Other cases can be easily deduced. 

Suppose A and B are unital ^oo-algebras with ground rings K and L, 
respectively. We use the following notation. A type-A module over A will 
have A as a lower index. A type-D module over A will have A as an upper 
index. Module structures over the ground rings K and L are denoted with 
the usual lower index notation. 

Definition B.5. A type-AA bimodule aMb consists of a bimodule rMl 
over the ground rings, together with a map m = (m^iy): BarA (E) M (8) 
Bar B — > M. The compatibility conditions for m are given in Figure 37. 

The bimodule M is unital if m 1 | 1 |o(l J 4, m) = mQhh(m, 1b) — m, an d 
mmu vanishes in all other cases where one of the inputs is 1a or 1b- 

The bimodule can be bounded, bounded only in A, relatively bounded in A 
with respect to B, etc. These are defined in terms of the index sets of Bar ^4 
and Bar B. 

Definition B.6. A type-DA bimodule a Mb consists of a bimodule k^l 
over the ground rings, together with a map 5 = (Ll) : M(S>Bar B — > A®M . 

This induces another map 5 = (^hu-) : M®Bar B — > Bar A®M , by splitting 
BarS into i copies, and applying 5 i-many times (see Figure 38a). The 
compatibility conditions for 5 and S are given in Figure 38b. 



The bimodule M is unital if #i|i|i(m, 1_b) 
for i > 1 if one of the inputs is 1b- 



1a <8> m, and <5i|i|j vanishes 
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Figure 37. Structure equation for a type-AA module. 
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(a) 5 in terms of 6. 



(b) Structure equation for a type-DA module. 
Figure 38 
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Figure 39. Structure equation for a type-DD module. 

Again, there are various boundedness conditions that can be imposed. 
Type-DD modules only behave well if the algebras involved are DG, so 
we only give the definition for that case. 

Definition B.7. Suppose A and B are DG-algebras. A type DD-module 
A M B consists of a bimodule kMl over the ground rings, together with a 
map 5u±\i: M — > A (g) M ® B satisfying the condition in Figure 39. 

We omit the definition of one-sided type- A and type-D modules, as they 
can be regarded as special cases of bimodules. Type-A modules over A 
can be interpreted as type-AA bimodules over A and B = Z/2. Similarly, 
type— D modules are type L>A-modules over Z/2. 

B.3. Tensor products. There are two types of tensor products for Aoo~ 
modules. One is the more traditional derived tensor product <g>. It is gen- 
erally hard to work with, as M <g> N is infinite dimensional over Z/2 even 
when M and N are finite dimensional. This is bad for computational rea- 
sons, as well as when using diagrams — it violates some of the assumptions 
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(a) A M B ® B N C 



+ Q 



(b) A M S ® B iV c 
Figure 40. Structure maps for two types of <g> products. 



I jV It 

m N W + ® U I MB 



of Appendix A. Nevertheless, we do use it in a few places throughout the 
paper. 

Throughout the rest of this section assume that A, B, and C are DG- 
algebras over the ground rings K, L, and P, respectively. 

Definition B.8. Suppose aMb and bNc are two type-AA bimodules. The 
derived tensor product (aMb)<S)b(bNc) is a type-AA bimodule a(M<£)N)b 
defined as follows. Its underling bimodule over the ground rings is 



K 



(M ® N) P = ( K M L ) ® L L B L * 

\i=0 

= M® L Bar 5 <g> L N. 



®L (lN p ) 



Here we 're slightly abusing notation in identifying Bar B with a direct sum. 
The structure map as an Aoo-bimodule over A and C is m M ^ N , as shown 
in Figure 40a. 

Similarly, we can take the derived tensor product of a DA module and 
an AA module, or a DA module and an AD module. The former is demon- 
strated in Figure 40b. 

The other type of tensor product is the square tensor product M. It is 
asymmetric, as it requires one side to be a type-D module, and the other 
to be a type—^4 module. The main advantage of M over <8> is that M M N is 
finite dimensional over Z/2 whenever M and N are. Its main disadvantage 
is that M M N is only defined subject to some boundedness conditions on 
M and N. 

Definition B.9. Suppose aMb is a type-AA bimodule and B Nc is a type- 
DA bimodule, such that at least one of M and N is relatively bounded in 
B. The square tensor product (^Mg) Mb (b^c) is a type-AA bimodule 
a{M M N)c defined as follows. Its underlying bimodule over the ground 
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(a) A M B M B N C 



TT IT 1 

(b) A M B M B N C 

ii JL jL 



^ ^ Y j ^ 

(d) A M B M B N C 



(c) A M B ^ b N c 
Figure 41. Structure maps for the four types of £3 products. 



7Tc 



(M Kl iV) P = ( K M L ) m L ( L N P ), 
and its structure map is thm^n as shown in Figure 4 la- 
There are three other combinations depending on whether the modules 
are of type D or A with respect A and C. All combinations are shown in 
Figure 41. 

B.4. Morphisms and homomorphisms. There are two different notions 
of morphisms when working with ^oo-modules and bimodules. The more 
natural one is that of homomorphisms, which generalize chain maps. How- 
ever, if we work only with homomorphisms, too much information is lost. 
For this reason we also consider the more general morphisms. These gen- 
eralize linear maps of chain complexes, which do not necessarily respect 
differentials. 

Definition B.10. A morphism /: M — > N between two bimodules M and 
N of the same type is a collection of maps of the same type as the struc- 
ture maps for M and N. For example, f : aMb —> A^B has components 



Bar A <g> M <g> Bar B — > N. The spaces of morphisms are denoted by 



A More(M, N), etc. 

Suppose A and B are DG-algebras. The bimodules of each type, e.g. 
^Mods, form a DG-category, with morphism spaces yiMorg, etc. The 
differentials and composition maps for each type are shown in Figures 42 
and 43, respectively. 

Definition B.ll. A homomorphism /: M — > N of bimodules is a mor- 
phism f which is a cycle, i.e., df = 0. A null-homotopy of f is a morphism 
H , such that dH = f . The space of homomorphisms up to homotopy is 
denoted by a Horns, etc. 

Notice that the homomorphism space a Hom#(M, N) is exactly the ho- 
mology of a Mor#(M, N). This gives us a new category of bimodules. 
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(a) Type- A A. 
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(b) Type-DA 
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Of 




tit 

(c) Typc-DD. 

Figure 42. Differentials of the different types of morphisms. 
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(a) Type-A4. (b) Type-DA (c) Type-DA 

FIGURE 43. Compositions of the different types of morphisms. 



Having homomorphisms and homotopies allows us to talk about homo- 
topy equivalences of modules. For example, if aMb is a bimodule, then 
j4(g)M~M~M<g>.B, via canonical homotopy equivalences. For example, 
there is Km '■ A ® M — > M, which we used in several places. 
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(a) 



(b) 




(c) 



FIGURE 44. Three types of induced maps on tensor products. 
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Figure 45. Passing from A Mods to B o P Mod by reflection. 

B.5. Induced morphisms. Suppose /: M — > N is a bimodule morphism. 
This induces morphisms 

/§id: M®P^ N®P f H id: M M P -> N M P, 



whenever the tensor products are defined. The main types of induced mor- 
phisms are shown in Figure 44. The functors -Klid and -<g>id are DG-functors. 
That is, they preserve homomorphisms, homotopies, and compositions. 

B.6. Duals. There are two operations on modules, which can be neatly 
expressed by diagrams. One is the operation of turning a bimodule a Mb 
into a bimodule ^opM^op. (Similarly, type-DA bimodules become type- AD 
bimodules, etc.) Diagrammatically this is achieved by reflecting diagrams 
along the vertical axis. See Figure 45 for an example. 

The other operation is dualizing modules and bimodules. If aMb has 
an underlying bimodule kMl over the ground rings, then its dual bM v ^ 
has an underlying bimodule ^M v x = {kMl) w . Diagrammatically this is 
achieved by rotating diagrams by 180 degrees. Again, there are variations 
for type-D modules. See Figure 46 for an example. 

Since the structure equations are symmetric, it is immediate that both 
of these operations send bimodules to bimodules, as long as we restrict to 
modules finitely generated over Z/2. 
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FIGURE 46. Passing from A Mods to b Mod by rotation. 



This gives equivalences of the DG-categories 

A Mods B op Mod A ° P ( B Mod A )° P , 

etc. One can check that both constructions extend to tensors, induced 
morphisms, etc. 
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